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Abstract

The gradient descent (GD) method — is a fundamental and likely the most popular optimiza-
tion algorithm in machine learning (ML), with a history traced back to a paper in 1847 |Cauchy
(1847). Tt was studied under various assumptions, including so-called (L, L1 )-smoothness, which
received noticeable attention in the ML community recently. In this paper, we provide a refined
convergence analysis of gradient descent and its variants, assuming generalized smoothness. In
particular, we show that (Lg, L1)-GD has the following behavior in the convez setup: as long
as ||V f (xk)H > f—(l’ the algorithm has linear convergence in function suboptimality, and when

HVf(xk)H < f—‘l) is satisfied, (Lo, L1)-GD has standard sublinear rate. Moreover, we also show
that this behavior is common for its variants with different types of oracle: Normalized Gradient
Descent as well as Clipped Gradient Descent (the case when the full gradient V f(x) is available);
Random Coordinate Descent (when the gradient component V, f(x) is available); Random Co-
ordinate Descent with Order Oracle (when only sign[f(y) — f(x)] is available). In addition, we

also extend our analysis of (Lo, L1)-GD to the strongly convex case.
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1 Introduction

We consider the standard unconstrained minimization

;rel'ﬁgl f(x), (1)

where f : R — R is a convex differentiable function. This problem configuration is quite general
and encompasses a broad range of applications in ML scenarios. For such problems, the traditional
optimization algorithm is the gradient descent method (GD) (@), which has a sublin-
ear convergence rate in the convex setting under the Lipschitz smoothness assumption (see, e.g.,
, ). In particular, GD is the core of optimization for machine learning, and various
modifications of this method have been studied in different assumptions suited to ML applications.



In this paper, we consider one of such assumptions called (Lg, L1)-smoothness (Zhang et al.,
2020bJa;IChen et all,2023), which in the case of twice differentiable functions, states that | V2 f(z)|| <
Lo+ L1||Vf(x)]|, i.e., the smoothness constant can grow as a linear function of the gradient norm.
Under this assumption, different variants of GD are analyzed, including GD with clipping (Clip-GD)
(Zhang et all, [2020ba; [Koloskova et all, [2023; [Vankov et _all, 2024b), (Lo, L1)-GD (Gorbunov et all,
2024; Vankov et al.,2024h), Normalized GD (NGD) (Zhao et al!,12021;/Chen et all,2023; Vankov et al.,
2024h), and other variants (Crawshaw et al.,2022; Wang et al., 2022; [Faw et all, [2023; Wang et all,
2023; [Hiibler et all, [2024; [Li et all, 2024b). More precisely, in the deterministic convex case, the
state-of-the-art results for Clip-GD, (Lg, L1)-GD, and NGD are obtained by |Gorbunov et al! (2024);

Vankov et all (2024b) showing the O (LOTRQ> rates for function suboptimality when N = Q(L%R2)

leaving open questions about the refined methods behavior characterization for N = O(L?R?).

However, beyond the first-order methods, the algorithms for (Lg, L1 )-smooth optimization are
weakly studied. In particular, random coordinate descent (RCD) Nesterov (2012); Shalev-Shwartz and Tewari
(2009); Richtérik and Takad (2016), which is useful in the situations when the computation of the
full gradient is prohibitively expensive, is not analyzed in the context of (Lo, L1)-smooth optimiza-
tion. Moreover, in some cases, e.g., in the reinforcement learning with human feedback (Tang et all,
2024), even objective values are available, and for given points z,y € R? one can only evaluate
sign[f(y) — f(z)]. To the best of our knowledge, there are no theoretical convergence results for
such methods under (Lg, L;)-smoothness, and, in particular, the convergence of random coordinate
descent with order oracle (OrderRCD) (Lobanov et all, 2024) is not studied in this setup.

In this paper, we address this gap in the literature and provide the first analysis of RCD and
OrderRCD for convex (Lo, L1)-smooth optimization. Moreover, we improve the existing results
for (Lg, L1)-GD, NGD, and Clip-GD: we prove that these methods enjoy linear convergence rates
without any additional assumptions for the initial optimization phase when HV f (mk)H > é—(l).

Our contributions can be summarized as follows.

e We show under what conditions variants of the gradient descent achieve linear convergence
in the convex setup.

e We prove better complexity bounds for (Lg, L1)-GD, NGD, and Clip-GD than previously
known ones, assuming convexity and (Lg, L1 )-smoothness of the objective function. We show
that these algorithms converge linearly at first, and slow down as they approach the solution,
converging sublinearly. We also show that for the phase of convergence of NGD, when the
iterates satisfy HV f (xk)H > ¢, the method converges linearly. Table [Il demonstrates the con-
ditions under which Clip-GD converges linearly. In particular, the case of A\ = 1 corresponds
to the convergence of GD, and the case of Ap = m corresponds to the convergence of

NGD.

e We provide the first convergence results for the RCD and OrderRCD algorithms under the
convexity and (Lg, Lj)-coordinate smoothness assumptions. We demonstrate that the lin-
ear convergence phenomenon of the full-gradient methods exists for both of the mentioned
methods.

LAfter the first version of our work appeared on arXiv, Vankov et al! (2024H1) let us know that they also indepen-
N
dently derived O (LO—A?z + (1 — ﬁ) Fo> rate for (Lo, L1)-GD, where Fy = f(2°) — f(2*) during the discussion

with reviewers of their work to a ML conference. Then, the authors updated their paper on arXiv (Vankov et all,
20244). At the moment of writing our paper, we were unaware of the updated version of (Vankov et all, |20244).



Table 1: Comparison of the convergence rates for Clip-GD in the convex case. Clip-GD update scheme:
hHl = gk — - clip, (V f(2F)). Notation: clip,(Vf(z*)) = A - Vf(2*); A = min{1,¢/||vs=")||}; ¢ > 0
— clipping radius; nx > 0 — step size; N = number of iterations; Fy = f(2°) — f*; R = H:CO — :C*H, T =
min {k € {0,1,..., N — 1} | [V f(z*)|| < Lo/L1}; LCR = linear convergence rate.

Smoothness case: Convergence rate

Reference Clipping threshold A N LCR?
ppme * Lo (D) el f@™) -1 5
1 larger @] LOTRQ) X
1 1 O cL1 R?
Koloskova et al. (2023) arbitrary 58 or equa L1 RA x
c larger O 25z X
[vsEhll L2LR!
less or equal (@] e X
Gorbunov et al. (2024) & . % 1 equal o (L‘}\?Q) X
1
Vankov et al. (2024b) W equal X X
LoR?
1 larger (’)( N ) ,
less or equal O | min { ]L\ff;, (1 — ﬁ) F()}) v
Theorem (Our work) arbitrary N
c larger O\(1-15%) R v
ISl ( °)N
less or equal O (1 - L}R) Fy v

e We extend our analysis of (Lo, L1)-GD to the case when the function is u-strongly convex.

1.1 Notations and main assumptions

Before discussing related work, we first introduce the notations and assumptions that are used in
this paper.

Notations. We use (z,y) := 2?21 z;1; to denote standard inner product of z,y € R%. We denote
Euclidean norm in R? as ||z|| := \/Zle x? = \/(z,y). We use e; € R? to denote the i-th unit vector.

For L = (LW,... . LI)T € R? and a € R, we define the norms l2ll[L,qa = Z?ZI(L(Z'))O%? and

Zle mxf We denote by Vf(z) the full gradient of function f at point z € R?,

lallr, o =
and by V,f(z) the i-th coordinate gradient of function f at point z € R?. We also introduce
SL= Z?(L(i))a. We use O(-) to hide the logarithmic coefficients. We denote f* := f(z*)
and z* € X* = argmingcpa f(x) to be any solution of (). We also use R = ||z° — z*|| and
Fy = f(z%) — f*.

The most common assumption about smoothness in the literature (see, e.g., [Nesterov, 2013) is
L-smoothness.

Assumption 1.1 (L-smoothness). Function f is L-smooth if the following inequality is satisfied
for any x,y € R%:
IVf(y) = V@)l < Ly —=|.

However, instead of standard L-smoothness, we focus on the so-called (Lg, L1)-smoothness
(Zhang et all, 2020b,a).



Assumption 1.2 ((Lg, L1)-smoothness). Function f:R% — R is (Lg, L;)-smooth if the following
inequality is satisfied for any z,y € R? with ||y — z| < Lil:

IVI(y) = V@) < (Lo + Lo [[VF(@)]) [ly — |- (2)

If L1 = 0, the above assumption recovers Assumption [[.I] with L = Ly. Moreover, (Lg, L;)-
smoothness is strictly more general than L-smoothness, see the examples in [Zhang et al. (2020b);
Chen et al. (2023); Koloskova et al.! (2023); |Gorbunov et all (2024).

Next, we also use a coordinate-wise version of Assumption introduced by |Crawshaw et al.
(2022).

Assumption 1.3 ((Lg, L1)-coordinate-smoothness). A function f : R? — R is (Lg, L1 )-coordinate-

smooth for L(()l),L(()2),...,L(()d),Lgl),Lg),...,Lgd) > 0) if for any i € [d], € R? and h € R, |h| <

ﬁ the following inequality holds:

maX;e[d] &
Vif (2 + hei) = Vif ()] < (L§) + LY Vaf (@)]) (1.

The above assumption generalizes the standard coordinate L-smoothness (Lin et al), 2014;
Allen-Zhu et all, 2016; |Zhang and Xiad, 2017) similarly to how (Lg, L1)-smoothness generalizes
L-smoothness.

We also assume that the function f is (u-strongly) convex.

Assumption 1.4. Function f: R? — R is u > 0 strongly convex if for any x,y € R? the following
inequality holds:

) > f@)+ (Vf(@)y =) + 5y — o], 3)

Assumption [[4]is classical and widely used in the literature (see, e.g., Boyd and Vandenberghe,
2004; Nesterov, 2018).

1.2 Paper structure

Further, our paper has the following structure. In Section 2, we discuss the related work. In
Section [3, we provide the results for full-gradient methods. The case where the oracle only has
access to the gradient coordinate or the comparison of the values of two functions is considered
in Section @ In Section Bl we generalize our results for (Lo, L1)-GD to the strongly convex case.
Discussions of this work and future work plans are given in Section [6l Section [0 concludes the
paper. All missing proofs of the theoretical results are provided in the Appendix.

2 Related Works

The literature on the analysis of GD-type methods is very rich. Below, we discuss only closely
related works.



Full-gradient methods for the (L, L;)-smooth convex optimization. Although most of
the existing works on (Lg, Lj)-smoothness focus on the non-convex case, there are several pa-
pers considering the (strongly) convex problems as well. [Koloskova et all (2023) gives the first
analysis Clip-GD (Pascanu et al., 2013) under (Lo, L1)-smoothness and L-smoothness and proves

O <max { (LOJF?VLl)RQ, RL(Lotcl)® }) rate (see Table[I] for the details). This bound is derived under

c2N?2
the additional L-smoothness assumption, which is not always satisfied for (Lg, Lj)-smooth prob-
lems. Moreover, when A\, = 1 and Ly < cL1, the derived rate is proportional to c¢. In addition, the
analysis from (Koloskova et _all, [2023) implies the sublinear convergence rate for NGD (see the case
A = == in Table [I]). Takezawa et all (2024) derive similar results for GD with Polyak Step-

[F76 ) d
sizes (GD-PS), i.e., they show O (maX{LOTRZ, %}) convergence rate. Next, [Li et al! (2024a)

derive convergence rates for GD and its accelerated version under (r,£)-smoothness assumption,
which generalizes (Lg, L1)-smoothness. In particular, for GD |Li et all (2024a) prove O(%) conver-
gence rate, where £ = O(Lg+ L1G) and constant G depends in Lo, L1, R, ||V f(z")], and f(2°) — f*,
meaning that it can be exponentially large in terms of L; and R. Finally, |Gorbunov et al. (2024);

Vankov et all (2024b) independently improve the convergence rates of (Lo, L1)-GD/Clip-GD by

considering the special case of clipping radius ¢ = %) More precisely, they prove O (LOTR2> conver-

gence rate if N > L2 R? and extend this result to GD-PS (Vankov et all (2024h) also show a similar
result for NGD). However, the results from |Gorbunov et all (2024); [Vankov et all (2024h) do not
provide convergence rates in terms of f(z™) — f* for the stage when ||V f(z*)|| > Lo/L,, which can
be noticeable when L is small and L; is large. In our work, we propose the analysis that addresses
this limitation (see Table ).

Coordinate descent type methods. Convergence of coordinate methods is also relatively well-
studied. For example, under the standard L-smoothness assumption ((V2f(z));; < L), the coor-

dinate descent (CD) method has the following convergence rate O <%) (see, e.g., Bubeck et al.,

2015). Using the fact that 52?:1 L) < L and assuming L-coordinate-smoothness ((V2f(z));; <
i L(")RQ)
N

L(i)), the previous result can be improved to O ( rate. Next, assuming that the active

coordinate i) can be obtained (independently) from the distribution p, (i) = £)*/s., then RCD
SaR3

converges at O <%> rate Nesterov (2012), where

R1,1—a] = maX,cga {maxz-cx- |2 — 2*[[[L1-a] : f(z) < f(2°)}. Moreover, Lobanov et all (2024)
show that it is possible to create an OrderRCD algorithm based on RCD, whose oracle has access
only to function comparisons (this oracle can be motivated by, e.g., RLHF (Ouyang et all, 2022;
Bai et all, 2022)). More precisely, [Lobanov et al. (2024) prove that the iteration complexity of Or-
derRCD is the same as for RCD, and the oracle complexity is inferior only in log(1/e) factor, where
€ is the accuracy of the solution of the linear search problem. In our paper, we extend these results
to the more general case of (Lo, L1)-smoothness.

3 Full-Gradient Methods

In this section, we present our result for full-gradient algorithms (see GD in Subsection 3.1 NGD
in Subsection B2, and Clip-GD in Subsection B.3]).



3.1 Gradient descent method

The first algorithm we consider has the following algorithm:

Algorithm 1 Gradient Descent Method (GD)

Input: zo € R?, iterations number N, step size 7, > 0
for k=0to N —1do

okl ok Ukvf(ﬂfk)
end for

Return: zV

We prove the following result for Algorithm [ with stepsize n, = (Lo + L1 ||V f(z")||)™* (to
emphasize the specificity of the step size we call it (Lg, L1)-GD for brevity).

Theorem 3.1. Let function f satisfy Assumption 1.2 ((Lo, L1)-smoothness) and Assumption [1.7]
(convezxity, u=0), then GD (Algorithm [1) with step size np = (Lo + L1 HVf(:Ek)H)_l guarantees

e linear convergence, if |V f(x®)| > f—? for ke [N —1]

: 1 \Y :

1 Ny _ px _ :

: f(@™) > < 4L1R> 0 .
e sublinear convergence, if HVf(ﬂUN_l)H < ﬁ_(l)

: fay_ o < AL :

. N :

: 1

In the general case, the convergence rate is
4Ly R? 1 \"
Ny _# <mind 229 (1>} R
S _mm{N—T’ ALR) °(°

where T > 0 is the smallest index such as |V f(zT)| < i—‘l)

Given the monotonicity of the gradient norm (see Appendix [Bl), Theorem [B1] characterizes in
details the convergence behavior of GD for convex (Lg, L1)-smooth problems. More precisely, as
long as the gradient norm is larger than Lo/L,, GD converges with linear rate, but when the method
approaches the solution (||V f(z*)| < Lo/L,) the convergence slows down to the standard sublinear
rate. That is, O(LOTRQ) rate is common to the previous works (Gorbunov et all, [2024; [Vankov et all,
2024b) (see Table [). However, in contrast to (Gorbunov et all, 2024; Vankov et all, [2024h), our
analysis shows O(1 — 1/, r)N Fy rate when |V f(2*)|| > Lo/L, (see the case of A\ = ¢/|[vf(=")| in
Table [[l). Moreover, our result significantly improves the one from (Koloskova et all, [2023) (see
smoothness case “less or equal” with A\, = ¢/||vf(z*)|| in Table [I) from sublinear to linear and



gets rid of potentially large parameter ¢ > Lo/r,. The proof of the Theorem Bl is provided in
Appendix [C.1]

The significance of the improved estimate can be observed under the assumption of strong
growth condition@.

Remark 3.2. Theorem [B.J] implies that under Assumption with Ly = 0, Algorithm [I]
converges to the desired accuracy e (f(zV) — f* < ¢) after N = O (L1Rlog %) iterations.

The result of Remark[3.2]significantly outperforms all known results in this regime. In particular,
Koloskova. et al. (2023) show O(L1¢R?/c) complexity bound for Clip-GD, and (Gorbunov et all (2024);
Vankov et all (2024b) do not provide explicit rates in this case.

3.2 Normalized GD method

From the previous section, we see that GD with step size with step size nx = (Lo + L1 HV f(zF) H)_l
enjoys linear convergence in the convex setting, when ||V f(z*)|| > Lo/L,. However, in this regime,
we have Ly ||V f(z*)|| > Lo, meaning that (2L; ||V f(2%)|)™" < me < (L1 ||[Vf(@F)|))7, ie., the
method is very close to NGD (Algorithm ). Therefore, it is natural to expect similar behavior
from NGD as for GD.

Algorithm 2 Normalized Gradient Descent Method (NGD)

Input: zy € R?, iterations number N, step size 7, > 0
for k=0to N —1do
if |V f(z%)|| = 0 then

Return: z
end if )
k+1 E Vi
A
end for
N

Return: z

The following result formalizes this observation.

Theorem 3.3. Let function f satisfy Assumption[1.2 ((Lo, L1)-smoothness) and Assumption [1.4]
(convexity, p=0), then Algorithm [4 with step size n, = n < ¢/(Lo+Lic), where constant ¢ > 0 is
such that |V f(z%)|| > ¢ for all k = 0,1,...,N — 1, has linear convergence:

Theorem [3.3] shows that in the case of ¢ > Lo/L,, NGD has O ((1 - L+R)NF0> convergence rate

similarly to GD, which is natural to expect due to ||V f(z*)|| > ¢ and the discussion given in the
beginning of this subsection. However, if we select large enough IV, one has to select ¢ small enough

*We refer to Assumption [2 with Lo = 0 as strong growth condition for smoothness assumption by analogy with
Vaswani et all (2019) for variance.



such that |V f(2*)|| > ¢ holds for all k = 0,1,..., N — 1. If ¢ < Lo/L, then the rate reduces to
(@) ((1 —¢/(LoRr))Y Fo) and the method is guaranteed to converge only to the error € ~ cR. Therefore,
to guarantee the convergence to e-accuracy, one has to take ¢ ~ ¢/R in the worst case. In this case,
our result implies O(LoR?log(Fo/<)/c) complexity for NGD. However, hyperparameter ¢ depends only
on the gradient norm, so in problems where the high accuracy on gradient norm is not required,
Algorithm [2is efficient and shows linear convergence. The proof of Theorem [3.3] see Appendix [C.2l

Remark 3.4. Theorem B3] implies that under Assumption with Ly = 0, Algorithm
converges to the desired accuracy e (f(zV) — f* < ¢) after N = O (L1Rlog %) iterations.

As previously noted, when HVf(ack)H > f—‘; GD and NGD with ¢ > ﬁ—? are almost the same.
Therefore, the result of Remark 3.4]is expected given Remark [3.21 Moreover, our results 1mply that
NGD has O(max{LoR*log(*o/s)/e, L1 Rlog(Fo/=)}) complexity. Compared to O(max{LoR’/z, L2R 3
complexity bound derived for NGD with 1, = B/VF+1, R = R + B*/& by Vankov et all (2024H),
our bound has an additional logarithmic factor in the first term but has much better second term
when LR is large and log(#o/c) is much smaller than L R.

3.3 Clipped GD method

In this section, we consider Clip-GD (Algorithm [3)), which applies the clipping operator to the
gradient:

clip,(7 () = min { 1, refoor } V(). (@)

where ¢ > 0 is the clipping radius. Clip-GD can also be seen as a combination of GD (when
|V f(2*)|| < ¢) and NGD (when |V f(z%)| > ¢).

Algorithm 3 Clipped Gradient Descent Method (Clip-GD)

Input: initial point zo € R?, iterations number N, step size n; > 0 and clipping radius ¢ > 0
for k=0to N —1do

oF L 2k — .- clip,(V f(2%)) according to (@)
end for

Return: 2

Then, following similar reasoning as in the previous sections, we obtain the next convergence
result for Clip-GD method.

Theorem 3.5. Let function f satisfy Assumption 1.2 ((Lo, L1)-smoothness) and Assumption [1.7]
(convezity, ;1 = 0), then Algorithm [3 with step size ny = (Lo + Ly min{||V f(z®)||,c})™" guarantees
the following error:
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where p = ¢/max{Lo,Lic} and T >0 is the smallest index such as ||V f(zT)|| < min{c, Lo/L,}



Since NGD and GD are monotonically decreasing in terms of the gradient norm, it follows
that Algorithm [ is also monotonically decreasing in terms of the gradient norm (see Appendix [B]
for details). Given this fact, Theorem shows that Algorithm [B] has two convergence regimes
depending on the ratio of ¢ and Lo/L;. If ¢ > Lo/L,, then Clip-GD starts its convergence with a

linear rate O ((1 — (1/L1R))N Fo), and as soon as it approaches the solution, i.e., when HVf(:L"k)H <
Lo/L,, it slows down to a sublinear O (LoR?/N) rate. If ¢ < Lo/L;, then Clip-GD has inferior linear
convergence rate O ((1 — (¢/zor))Y F0> at the beginning, and approaching the solution, i.e., when
HV f (xk)H < ¢, it slows down to the same sublinear rate. The cases in Appendix [C.3] are discussed
in more detail. Table [I] summarizes the derived results and compares them with the closely related
works analyzing Clip-GD. It is worth noting that Theorem shows when Algorithm [3] has linear
convergence and gets rid of standard smoothness constant L (in contrast to (Koloskova et all;[2023)).

Moreover, Theorem B.5lis valid for an arbitrary clipping threshold ¢ (in contrast to (Gorbunov et al.,
2024; Vankov et all, 20241)).

Remark 3.6 (Strong growth condition). Theorem implies that under Assumption
with Ly = 0, Algorithm [3] converges to the desired accuracy ¢ (f(zV) — f* < ¢) after N =
@) (LlR log %)

4 Coordinate Descent Type Methods

In this section, we present our main results for the algorithms that does not use access to the full
gradient (see RCD in Subsection 1] and OrderRCD see Subsection [.2).

4.1 Random coordinate descent

RCD is formalized as Algorithm [4l At each iteration, the method computes the gradient coordinate
V. f(z%), where active coordinate iy, is selected uniformly at random from [d] independently from
previous steps.

Algorithm 4 Random Coordinate Descent Method (RCD)

Input: initial point zo € R?, iterations number N, step size 7, > 0
for k=0to N —1do

1. sample ij uniformly at random from [d]

2. afthab — Vi, f(2F)e;,
end for

Return: v

Our main results for RCD are given below.

Theorem 4.1. Let function f satisfy Assumption ((Lg, Ly )-coordinate-smoothness) and As-
sumption[T.4] (convezity, u = 0), then RCD (Algorithm[f) with step size n, < (Lo + L1|V, f(z®)|) 71,

where Ly = max;e[g) Lg) and L1 = max;e[q ng), guarantees the following error:
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where p = 1/(4v2Ly).

Theorem [A.1] provides a generalization of the results of [Nesterov (2012) to the case of (Lg, L1)-
coordinate-smoothness (see Assumption [[3]). In particular, following Section Bl we separated Lg
and L; in the convergence results and also show that there is no need to assume standard L-
smoothness since the case Ly = 0 covers it. Moreover, in the case of Ly being much smaller than
L1, the results of Theorem 1] are strictly better than previously known ones. Furthermore, in the
case of Ly = 0, RCD converges linearly to any accuracy.

Remark 4.2 (Strong growth condition). Theorem (1] implies that under Assumption 3]
with Ly = 0, Algorithm @l converges to the desired accuracy e (E[f(z™)] — f* < ¢) after
N=0O (dLlRlog %) iterations.

For a detailed proof of Theorem [£1], see Appendix [D.1l

4.2 Random coordinate descent with Order Oracle

In this section, we consider the OrderRCD (Algorithm [5]). In contrast to all previously considered
methods in this paper, OrderRCD does not have access to a first-order oracle. Instead, the algorithm
uses so-called Order Oracle: for any z,y € R?, one can compute

Y(z,y) = sign [f(y) — f(2)] (5)

Algorithm 5 RCD with Order Oracle (OrderRCD)

Input: initial point 2y € R?, iterations number N, random generator R (Lo, L1)
for k=0to N —1do

1. sample ij uniformly at random from [d]

2. compute (j = argminc{f(xk + Ce;,)} via (GRM)

3. okt 2k 4 (e,
end for

Return: v

Algorithm [B] is similar to Algorithm [4], but it does not have access to the gradient coordinate
V,, f(z¥). Following [Lobanov et all (2024), we address this challenge using the standard steepest
descent trick, namely, we solve at each iteration the auxiliary linear search problem using the golden
ratio method (GRM, see Algorithm [6] in Appendix [D.2)) with € accuracy allowing to match RCD
with step size 7.

Below, we present the convergence result for Algorithm

11



Theorem 4.3. Let function f satisfy Assumption [L.3 ((Lo, L1)-coordinate-smoothness) and As-
sumption [1.4) (convexity, p=0), then Algorithm [J (OrderRCD) with oracle ([Bl) guarantees the
following error:

r......-
=
=
8
\/Z
|
=3
Il
G
VN
=
&)

B
—
/N
—_
|

QL
Sl
N—
4
S
S
=)
< =y,
i)
——
N———

where p == 1/(4v2Ly), Lo = max;e|q] Lg), and Ly = max;e[q) Lgi .

That is, Theorem [£.3] gives exactly the same rate as Theorem [4.1] with one exception. However,
it is important to note that Algorithm [5] requires log(1/e) oracle calls per iteration to solve the
linear search problem at each iteration using GRM, where Order Oracle (Bl) is directly used. In the
special case of L1 = 0, Theorem .3 recovers known results, e.g.,|(Gorbunov et all (2019); Saha et al.
(2021). However, when Lg is much smaller than L;, Theorem 3] shows better results, i.e., linear
convergence.

Remark 4.4 (Strong growth condition). Theorem [4.3] implies that under Assumption L3
with Ly = 0, Algorithm [ converges to the desired accuracy e (E[f(z™)] — f* < ¢) after
N=0O (dLlRlog %) iterations and T'= O (N log %) oracle calls.

For a detailed proof of Theorem E.1], see Appendix

5 Extension to Strongly Convex Setup

In this section, we answer the question:

“Are there convergence improvements of algorithms under the (Lg, L1)-smoothness assumption
compared to standard smoothness in a strongly convex setup?”

In particular, we consider GD (Algorithm [I]) and derive the following convergence result.

Theorem 5.1. Let function f satisfy Assumption 1.2 ((Lo, L1)-smoothness) and Assumption [1.7]
(strongly convezity, u > 0), then gradient descent method (Algorithm [1) with step size np = (Lo +
Ly ||V f(®)|)~" guarantees:

Fn<(1-p)V 2 (1=p)” (1= )" R

where Fy, = f(z%) — f* for k € [N], p3 = ﬁ, P2 = max{%/‘/il,ﬁ}, p1 = ﬁ, N3 =
N =Tz, T = max{k € [N — 1] | |[Vf(=F)|| > f—‘;} (if there are no such k, we let T = —1), and
Ti =max{k € [N — 1] | |Vf(zF)|| > ﬁ—? and Fy, > 1} (if there are no such k, we let Ty = —1). In
particular,

e if Ti=—1and To = N — 1, then



2v2L, 4L1R

s (1 (s i)

The above theorem improves the result from (Gorbunov et al!, 2024) that show [zV — 2*||? =
O((1 — p3)N~T2R) rate for GD, and, in contrast to the result from (Koloskova et all, 2023), The-
orem [5.1] does not require L-smoothness. Moreover, the derived bound contains factor (1 —
p2)27 (1 — p1)7i*L) which might be better than (1 — p;)”2 when R > /2/u. Moreover, if
#/2Lo < VE/(2v/2L1), then the derived result is strictly better than the known ones for GD under the
standard smoothness. The proof of the Theorem [5.1]is provided in Appendix [El

6 Discussion and Future Work

In this paper (see Sections [B] and [M]) we have shown that linear convergence in a convex setup
is possible in the case of (Lg, L1)-smooth problems with small enough Ly. However, looking at
the convergence of Algorithms [l in particular Theorem B.IHA3] we see that the dominant part is
sublinear O (1/N) and might be further improved. Nevertheless, as Remarks [B.2HL.4] demonstrate, in
the case of the strong growth condition (Lg = 0), we can observe significant improvements compared
to previous works by (see e.g., [Koloskova et all,2023;|Gorbunov et all,2024; [Vankov et al., 2024b).
A prime example of a function that satisfies the strong growth condition is logistic function (see
Example 1.6, \Gorbunov et all,2024), which is classical in the field of machine learning.

As future work, we see the following directions: generalizing Algorithms to the strongly
convex case; investigating whether the proposed technique can be used in the analysis of stochastic
methods; investigating the convergence advantages of assuming generalized smoothness (Assump-
tion [[.2]) in accelerated optimization algorithms and many other directions. We believe this work
opens up a number of research directions, including answering the question of whether it is possible
to create adaptive methods, as well as methods in different settings (such as federated learning,
overparameterization, etc.) that will exhibit similar advantages.

7 Conclusion

This paper demonstrates that generalized smoothness allows us to achieve linear convergence rates
in convex setups. We explained the convergence behavior of gradient descent theoretically and
showed that the advantages of generalized smoothness extend to gradient descent method variants,
in particular, we significantly improved convergence estimates for GD, NGD, Clip-GD, and demon-
strated novel convergence results for algorithms that do not have access to the full gradient as well
as to the function values themselves (RCD and OrderRCD). We have demonstrated that this work
opens up a number of directions for future research (see Section [@]).
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A Auxiliary Results

In this section, we provide auxiliary technical results that are used in our analysis.

Basic inequalities. For all a,b € R? (d > 1), the following inequalities hold:
2 (a,b) = [|bl* = llall* = lla = b]1%, (6)
(a,b) <|lall - [Ib]| (7)
Generalized-Lipschitz-smoothness. In the analysis of full-gradient methods, we assume that

the (Lo, L1)-smoothness condition (Assumption [[2]) is satisfied. This inequality can be represented
in the equivalent form for any z,y € R? (Zhang et al., 20204):

Lo+ L4 HVf(a:)
2

F4) — F(@) < (Vi()y — o) + Ly = a2, ®)

where Lo, L1 > 0 for any = € R% and ||y — z|| < L%

Generalized-coordinate-Lipschitz-smoothness. In the analysis of coordinate-wise methods,
we assume that the smoothness condition (Assumption [[3]) is satisfied. This inequality can be
represented in the equivalent form (Crawshaw et all, 2022, Lemma 1):

(L8 + L 19if @)1) 02

fla+he) < fla) +hVif (@) + > ,

9)

where LV, L&, .. L\ LW L® L >0 for any i € [d], 2 € R? and |h| < ﬁ

B Monotonicity of Gradient Norms

In this section, we give a proof of monotonicity of convergence of algorithms by gradient norm. In
particular, see Lemma for the proof for Algorithm [1 see Lemma for Algorithm 2 and see
Lemma [B.4] for Algorithm [3l

First of all, we start with the auxiliary result.

Lemma B.1. Let function f satisfy Assumption ((Lo, L1)-smoothness) and Assumption
(convezity, = 0), then for z,y € R? such that ||y — z|| < & we have:

1

IV£(y) = V@)
2(Lo+ L1 IV f(2)]])

<f@) = fly) = (Vf@w),z—y). (10)
Proof. The proof of this statement is based on the results from |Nesterov (2018); |Gorbunov et al.

(2024).
Let us define the following function 4 (b) for a given a € R%:

Spa(b) = f(b) - (Vf(a), b> :
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Then this function is differentiable and Vg (b)

b) = Vf(b) — Vf(a). Moreover, for any b,c € R? such
that [[b—¢|| < L% we have:

IV6a() = Veu®)ll = [IV£() = V(@) £ (Lo + Ly [V £ b el

(11)
where in @ we applied Assumption[[Z2l Next, for given a and for any b, c € R such that ||b—c|| <
we define function 1g.(t) : R — R as

wabc(t) = (,Da(C + t(b - C))
Then, by definition of 14, we have ¢, (c)

c) = wabc(o)a Spa(b) = wabc( ) and %bc - <v90a(c + t(b
Therefore, using the Newton-Leibniz formula, we have

— ), b—c).
2a(b) = 2a(€) = Vate(1) — V(0 (/amma ”/<VwAC+ﬂb—@%b—®dt
— (Va(e)b— @+1A<VwAC+ﬂb—@)—VwAdﬁ—%ﬁﬁ
2 (Venlrb—eh+ [ 9ol +10- ) = Vel o - ol
“?NV¢4@m—cwyéﬂLm+Lme@MMw—dPw at
= (Veule).b— ) + LT LIVIED gy (12)
Let b=c—

vaa( ¢) and assume that |ja — c|| <

< %v then we have
1

Vpa(c Vf 1
ool = IVe©l __IVFQ-Vi@| B 1
Lo+ L1 [Vf(©l Lo+ L1 [[Vf (o) Ly
meaning that for this choice of ¢ and b we can apply ([2)) and get
By —__ IVea@ll? IVea (o) Vel
Pa(b) — pal(c) < =
Lo+ Li[Vf(©ll - 2(Lo+ Ly IV F(S)])

2(Lo+ L1 [IVf()l)
Using the fact that a is an optimum for ¢, (c) (since Vi, (a) = 0) and by definition of ¢, (c)
obtain the following inequality:

[V£(c) = Vf(a)l”
a) —(Vf(a),a) < f(c)—(Vf(a),c) — .
o) ~ (Vf(a).a) < f(e) = (V). c) 5o o O
Using the fact that this inequality is satisfied for any a,c € R? such that |ja — ¢|| < &
a =1y and ¢ = x and we get the original statement of the Lemma:
IV£(y) = Vi)
< f(z) — —«(V , X

-, we take

—y).
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We are now ready to present the proofs of the gradient norm monotonicity along the trajectories
of the considered first-order methods.

Lemma B.2. Let function f satisfy Assumption [L.2 ((Lg, L1)-smoothness) and Assumption
(convexity, = 0), then for all k > 0 Algorithm [ with ny = (Lo + L1 ||V f(z*)||)~! satisfies

[vset] < |ore]
Proof. We note that for GD with n, = (Lo + L1||V.f(z¥)||)~" iterates z¥ and z**! satisfy

k
ST 1 Co| I

€ - T
| Lo+ LV /@] = I

meaning that one can apply Lemma [B.Il for these points. Introducing for convenience the new
notation wy, = Lo + L1 |V f(z)|| and summing (I0) with z = 2,y = 2**! and o = 2%+ y = 2F,
we get the following inequality:

<L 4 > va (@)~ Vi )H2 < <vf($k+1) C V), 2 _$k>

2w 2wkt
= i (V) - V). V).

Multiplying both sides by 2wy, we obtain

(1e5) (reoff -2 (vrn s [t
< 2 (V@) = Vi (@h), V(b)) .

which is equivalent to

<1 + @) V1 ’f+1)H2 < <1 + %) HVf(:nk)HQ

#2 (1 22—, ) (VA6 - V), V1)

)l
-2 <1 + w/mk) (VI = Vi ak), = o)

Mk W41
. <1 i %) va(xk)H - % <Vf(xk+1) — Vf(aF), " - xk>
< <1 + Wk+1> HVf ‘

where in @ we used 7 = i; and in @ we used N, wg, w41 > 0 and convexity of function f. Hence,
we obtain the original statement of the Lemma:

[vsesn < |[vse)
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Next, we provide a similar result for Algorithm 21

Lemma B.3. Let function f satisfy Assumption ((Lo, L1)-smoothness) and Assumption
(convexity, u=0), then for all k > 0 Algorithm [ with n, = n < where ||V f(z*)| > ¢,
satisfies

(6]
Lo+cL1”’
[vsaten] < [[vset]
Proof. We note that for NGD with n, =n < m iterates 2¥ and 2**! satisfy

1
k k+1
v —x =n< —,
H I=n< 4
meaning that one can apply Lemma [B.I] for these points. Introducing for convenience the new
notation wy, = Lo + Ly ||V f(z)|| and summing (I0) with = 2*,y = 2**! and 2 = 2F*+1,y = 2,
we get the following inequality:

(L X > va ) V(@ )H2 < <Vf(xk+l) _Vf(ah), o _xk>

2wk 2wkt
= —Te G (V6 = V), V).

Multiplying both sides by 2wy, we obtain

(o 3m) e (e o)

Wk+1
2wk77k LR ok ok

which is equivalent to

(1 2 o] < (1+ 2 [wsenf
k+1 Wk+1

i (1 o ery) (T - 916, 950

e esen)f

2\|Vf( Bl W Wik K1y gk Lk
<1+wk+l IIVf(:vk)\|><Vf( ) = V"), )

% < wti) ‘Vf
2HVf @l < oo ||Vf($k)Tr]E20 T L16)> <Vf(xk+1) — V(") 2 — g;k>
k
g <1 + wti) va( k)H2 B W <Vf(xk+1) — Vf(ak), 2 — xk>
(g leenl
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V"]

Wi

where in @ we used 7y < 77—, in @ we used [V f(2*)|| > ¢ implying Tt = , and in

@ we used HVf(:Ek)H s Mk, Wk, Wr+1 > 0 and convexity of function f. Hence, we obtain the original
statement of the Lemma:

[vse+ ] < |vse)
O

Finally, we present a similar result for Algorithm [l that can be viewed as a combination of the
previous two.

Lemma B.4. Let function f satisfy Assumption ((Lo, L1)-smoothness) and Assumption
(convexity, = 0), then for all k > 0 Algorithm[3 with step size ny, = (Lo+ Ly max{||V f(z*)|],c}) ™"
satisfies

[vse+ ] < |vse]

Proof. We note that for Clip-GD with n, = (Lo + L1 max{||Vf(z*)||,c})~! iterates 2* and z*+!
satisfy

kE_ ﬂjk+1H — maX{HVf(xk)”7c} < i

Lo+ Lymax{||V f(z")||,c} — L1’
meaning that one can apply Lemma [B] for these points. Introducing for convenience the new
notation wy, = Lo + Ly ||V f(z)|| and summing (I0) with = 2*,y = 2**! and 2 = 2F*+1,y = 2,
we get the following inequality:

2

(3 + 3o ) W76 - V5@ )1]2§<Vf<xk+1>—Vf<xk>,xk+l—xk>

2w 2wp4

_nk.min{ va( )H}<Vf(xk+1)—Vf(:vk),Vf(xk)>.

Ak

Multiplying both sides by 2wy, we obtain

(122 (ot =2t osn) s foses )
< 2w (VA1) = V@), V(b)) (13)

Consider two cases: Ay = 1 or A\, = If A\ = 1, then ¢ > HVf(mk)H Then (I3)) is

-
] ’ IV fER)I
equivalent to the following:

(22 ) vl < (1 2 ot
+2 (1 bk wknk> <Vf(xk+1) - V"), Vf(xk)>

Wk+1

<1 + wk+1> va H - % (1 + wtj—l - Wkﬁk) <Vf(xk+1) C V() R - xk>

(142 ) Iwaenff

IN©
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_ 2 <1 + ok > <Vf(mk+1) — Vf(zh), 2Pt — :Ek>

wry1 Lo+ Lic

(1225 o] - G2 (95t vty e =)

Wk+1 Wk+17k

(g Ierenll

. 1 .
where in ®‘ we used 77;? < Toihe 10 @ we used
and convexity of function f.

Next, we consider the case when A = ||Vf€rk)||’ implying ¢ < HVf(:Ek)H Then, ([I3) is

IN®

Toilie +L1c < Wk’ and in ® we used 7, wg, w1 > 0

equivalent to the following:

(e ) esemnlf < (e 22 ) fosen]f

Wi WETEC 2Rty ok o
+2<1+wk+l IIVf(:vk)\|><vf( )= VHa). Vfa)

(1 o) Ieaesf

2HVf( M ( " wtil HVM;?;’S)O <Vf(a:k+1) _ VS (h), 2 = xk>
(122 s
W41
Bl

QHVf Wi k ke k k
( wir1 (Lo + L10)> <Vf(a: )=Vt >

2 2wy HVf(m’“>H k ky k k
R (V@) = V(") aM 4 - ok)

IN©

A®
7 N\
—_
+
(S
x

IN®
7N\
—
_l_

(S
x
N—— ~—
<
=
8
3

where in ©® we used 7 < m and ¢ < HVf(a:k and in ® we used

1
Lo —i—Llc S wg?
HVf(mk)H Mk, Wk, wWrt1 > 0 and convexity of function f.
That is, in both cases, we obtain the original statement of the Lemma:

[vsetn] < |[vse

C Missing Proofs for Full-Gradient Algorithms

In this section, we give missing proofs from the main part of the paper. In particular, see Subsec-
tion [C.J] for the proof of convergence results for Algorithm [, see Subsection for Algorithm [2]
and see Subsection for Algorithm [3]
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C.1 Proof of Theorem [3.1]
Using Assumption [[.2] we derive

FERY = fat) = f@ - V) - Fb)
< —mi (VF(ah), VF@Eh) +
< e |vrah) |+ 2w st

2
= -2 ||vseh)

NB

o Lo+ Ly HVf
77

osen]

(14)

where in ©® we used 7 < I Next, let us consider two cases.

1
Lo+Li1||Vf(=*)||”
k L : _ 1
The case of ||V f(zF)|| > 7. | Taking n = LT LS F@]
of the function (see Assumption [[.4] u = 0), we have the following;:

and using the convexity assumption

=1 (910 2= 2 ot -] fosten| 2 - 2 s
R

= nlLo+ L |V5)|) [V @) R < 2k [0 560) | R

where @ follows from ||z¥ — 2*|| < ||#° — 2*|| (Gorbunov et all, 2024, proof of Theorem 3.3). The
above inequality implies

f xk _ f*
> (@) 3 (15)
2L R ||V f ()]
Plugging (I5) into (I4)), we obtain
1

£ = 1) < VN < R - 1),

which is equivalent to

1
k+1y _ o < - kY px
fath - < 1 4LR>(f(w) 7). (16)
Moreover, Lemma implies that for all ¢ = 0,...,k a similar inequality holds. We denote
T = min{k‘ €{0,1,2,...,N — 1} | HVf H (1) and HVf k=1) H —‘1)} as the first index k

such that ||V f(zF)|| <

linear convergence:

f—‘l) (note that T' = 0 is possible). Then, for the first T iterations, we have

1 \7
T\ _ px* < . 0y _ px
ra -1 < (1= pg) (E-1). (17)
which follows from unrolling ().
k L : _ 1
The case of HVf(m )H < 72. | Taking ny, = Lot V@]
of the function (see Assumption [[L4] © = 0), we have the following:

and using the convexity assumption

fzF) — f* < <Vf( By, ok —z > < HVf H Hazk—az* xk)H HxO;x*H (18)
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= 2|t B = o+ L [ V6N ) [V R < 2mto v )| £

The above inequality implies

fla*) - f*
2LoR IV f ()"

Then, plugging (I9) into (I4) and using the notation Fy = f(z*) — f*, we obtain:
@) 1

[V ()]
ALoR Fie = B = 4L R2Fk’

Mk >

Fiy1 < Fy —

which is equivalent to
1

4LoR?
Next, we divide both sides by Fj41Fj

Fk < Fy — Fk+1

1 F_ 1 1
4LoR? Fipy1  Fry1 F

and use that Fy; < Fy due to (I4):

1 < 1 1
4LoR?* = Fppn  F

Summing up the above inequality for k =T,T + 1,..., N, we get

N-T Ni:l 1 <N§‘:1 1 1 L1
4LoR? 4L0R2 Fon Fn) Fy Fr  Fy'

which is equivalent to

ALoR?

fEN) =1 <

(20)

Finally, combining inequalities (I7]) and (20) and taking into account that Fy < Fp, we obtain

the convergence rate of Algorithm [l in the convex case:

2 T
f@N)-f=0 <min{]{;0sz, <1 - L1LR> F0}> ,

whereT::min{ke{0,1,2,...,N—1} | IV f@h)]| < L and ||V (k- 1)”2@}.

1

C.2 Proof of Theorem 3.3

Using Assumption [[L2, we derive

S N Y Y V@) o
Fat) = 1) = £ (o = iy ) — £

~ToFty V@V E) +

INB

BN o
2V ()
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2 e fosit] 2 foros|
- 2o e

[V/* H : K _
oL = To+L1[[ V] (@ since HVf(m )H >cforall k=0,1,...,N—1

and function ¢(u) = - is increasing functlon 1n u > 0.
Next, we us the convexity assumption of the function (see Assumption [[.4] p = 0):

where in @ we used g, =n <

$a) — 7 < (V10,0 —a) £ V)| o o )| [ -], (22
R
where @ follows from ||z% — z*| < [|2° — 2*|:
* 2 *
¥ =[P = ot = | — e (VA ), 0 ) o
@ i e 20(f@M) =)
S 775 I
k=12 2(f(xk)—f*)_ )
=let =t = (R -
< ”xk_l - .Z'*”27
where in the last step, we use
DIV _ Vit IViEh]” @
2 Ao+l S e+ LV © )
Next, inequality (22]) gives
kY _ f£x
[vseh| = 2L (23)
Then, plugging (23] into (2I]), we obtain:
F@ ) = @) < = | Vi) < —gR () - ),

which is equivalent to

Fa ) =< (1= 55 (Fah) - ).

Unrolling the above recurrence, we derive the linear convergence for NGD with step size ny = n <
Lot Ie: .
faN) =< (1= 55) (Fa) - ).
C.3 Proof of Theorem [3.5]
Since A\, = min{ HVf( T }, we there are only two possible cases for Ag: either A\, = 1 or

A = 7R
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i) Consider the case of A\ =

W, ie., ¢ <||Vf(2¥)|. Using Assumption [[Z we derive

) — F) = b — VIR — )
. _ C ky) (g

1 (& g Ih) - e

® ¢ .

< - \|Vf<wk>||< fa). v5a")

2 2 Lo+ L HVf(x )

FIvsEh? 2

- ]+t

2 e fosten] + o u
- e osen)]. o

[vsEh)]]

Tt LTI which follows from ¢ < ||V f(z")]|:

where in @ we used 7, <

Ivs@h | R
C(LO + L1 ‘|Vf($k)”) LOW + LlC - LO + LlC

Next, using the convexity assumption of the function (see Assumption [[4] © = 0), we get

£ = 7 < (Vi —at) D V)| o - o £

)| 2° -], @5)

where @ follows from ||z% — z*| < [|2° — 2*|:

2
¥ —a|[? = ! — 0| = e eV (@), 0t 0+
@ k—1 *(|2 2077(f( ) f*) 2
I e e
k1 *1)2 2(f(33k)—f*)
St (o )
< ot —a*|?,
where in the last step, we use
enl| V)| _ e VFER) VA2 @
2 S Ao+ L) S AL+ Livean = 1@ 7
Inequality (23] gives
AN
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Then, plugging (26) into ([24]), we obtain

F) = 105 2 2] reh)| < L) - )
which is equivalent to
far =< (1= 35) (Fah - 7).

Next, we consider two possible scenarios for the convergence of the algorithm depending on
the relation between HVf(mk)H ,c and i—‘l) (note that HVf(:Ek)H > ¢ in this case), given the
monotonicity of the gradient norm (Lemma

(T) If for k = 0,1,2,..., 71 — 1, the iterates of Clip-GD satisfy HVf(mk)H >c> é—?, then

n > ﬁ and we have linear convergence for the first 77 iterations:

T
e - rs (1o gpg) G601, (27)

(K) If for £k = 0,1,2,...,K1 — 1, the iterates of Clip-GD satisfy HVf(mk)H > f—‘l) > cor
Lo > HV f (mk)H > ¢, then > - and we have linear convergence of the first K

7 Lo
iterations:
re(i- o R) (£ - 7). (28)
ii) Consider the case of A\, = 1, i.e., ¢ > ||V f(2*)|. Using Assumption [[Z we derive
F@h) = f(a*) = fa® —mAeV f(@?)) = f(2¥)

= f(a" —mV f(@*)) - f(z")

@ e <Vf(:1:k),Vf($k)> n 772L0 + Ly !Vf(xk)u HVf(;p’f)Hz
. HW H 2 Lo+ L HVf ) HW H
°_ rEwn |ny - HVf H (29)

where in © we used 7y, = 3l Using the convexity assumption of the function (see

1
Lo+L1||Vf(h)||”
Assumption [[4] pu = 0), we get

flzh)y—f* < < flah), =k — > (2) HVf(:Ek)H ka —z* xk)H H:EO —x*H, (30)

where @ follows from ||z% — z*| < [|2° — 2*|:
l* —a*|? = [|l2* 7" — | = 20 (V (@), 2" — a*) + ]|V £ (7))

< Nt = )P = 2 (£ (") = ) + RV F ()

B8

27



= ot = a2 = i (20£ () = 1) = mel VS )]

< ka—l _ x*”27
where in the last step, we use

e[V £ ()] Ivieh|? @
7 ALt L S e

Inequality (B0Q)), implies
I

Next, we consider two cases: ||V f(z")| > %) and ||V f(z")]| < Lo

The case of ||V f(z*)| > L—O In this case, inequality (29]) gives

Fh — fah) < —— HVf(xk)H .

Then, plugging (31]) into ([B2]), we obtain:

Fah) = f(a*) < -

which is equivalent to

Fary - < (1 - ﬁ) (1) - 7).

(31)

Since in this case we have the following relation ¢ > HVf(mk)H > f—?, then for k = 71,71 +

1,..., 72 — 1 we have linear convergence:

-Th @ T
e s (1o gg) G =S (- ) e - @

The case of HV f (xk)H < ﬁ—‘l) In this case, inequality (29) gives

1
(L0+L1 IV f(z*)]])

< s

FMh) — fab) < -

slesehl

Then, plugging [B1)) into ([34) and using the notation F}, :== f(z*) — f*, we obtain:

Fk1<Fk_MFk<Fk— 1 _ - F2
* ALoR = ALoR2™ ™’
which is equivalent to
1
iLg R2Fk < Fp — Fk—l—l

28
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Next, we divide both sides by Fji1F}

1 Fy, < 1 1
ALoR? Fypy1 Fepr Fr

and use Fj1 < F} due to (34):
1 1 1

—_— <= — . 35
ALoR?* = Fpp1  Fy (35)
Then, two situations are possible: either é_(; > c or %) < ¢. We consider each of them

separately.

(K) Considering the scenario f—‘; > ¢ > [|[Vf(z")|| and summing up inequality (B5) for

k=K, Ki4+1,...,Ko — 1, we get

162—161_%‘:1 1 <’C2§‘:1 Lo 1\_ 1 11
4LoR2 _k:Kl 4LoR2 2\ By -~ Fx, Fx,  Fx,’

which is equivalent to
4LoR?
Ko — Ky

F@®) — < (36)

(T) Considering the scenario ¢ > f—(l) > ||[Vf(2¥)|| and summing up inequality (B35 for

k=T2,Ta+1,....,7T3 — 1, we get

T?,—TQ_TSZ‘I 1 <TSZ‘1<1 1)_1 1 _ 1
4LoR? = 4LoR? = Friy1  Fy Fr, Fr Fr’
which is equivalent to
4Ly R?
Toy _ g+ 0
z3)—-f< . 37
P - < 2 (37)

Finally, combining 217), 28)), B3), B6), (37), and taking into account that Fyiq < Fj, we
obtain the convergence rate for Algorithm [3

o Ifc> i—(l’, then for 73 = N being the total number of iterations of Algorithm B the

iterates satisfy (see (27)), (33)) and B7)):

E * . LOR2 1 T2 i
E f(xN)_f _O<mm{N_T2,(1—Ll—R) Fo}>, :

where T3 = min{k €{0,1,2,..N -1} | [[Vf(=z")] < ﬁ_? and ||V /(25| > é—?}
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o Ifc< i—(l’, then Ko = N being the total number of iterations of Algorithm [B] the
iterates satisfy (see (28]) and (36])):

. | LoR? c \M
E f(a:N)_f (’)(mm{N_’Cl,(l—LOR) Fo}), :

where Ky ===min {k € {0,1,2,...N =1} | [[Vf(z")|| <cand ||[Vf(zF1)| >c}.

It is not difficult to see that these two scenarios can be combined into the following equivalent

form: T
N . .| LoR? ¢
@)~ f ‘O<m1“{N—T’(1‘max{Lo,Llc}R> FO})

where T' == min{k: €{0,1,2,...,. N — 1} | HVf(a:k)H < min{éo,c} and HVf(:Ek_l)H > min{f—‘;,

D Missing Proofs for Coordinate Descent Type Methods

In this section, we provide missing proofs from Section dl In particular, see Subsection [D.I] for the
proof of the convergence results for Algorithm [4], and see Subsection for Algorithm

D.1 Proof of Theorem 4.7]

Using Assumption [[.3] we derive

@) — f(@F) = f(@" — Vi f(@M)es,) — ()

2 . (v f(xk))2 Lot L1|2Vf(:vk)| (74 f(xk)>2
< e (Vs @)+ 2 (Vi f6h)
= (M) (3)

where in @ we used 7 < Next, we take the expectation w.r.t. iz and use 7 =

1
Lo+L1|Vi, f(z®)]”

1 .
Lo+L1|Vi, f(zF)]

V 2
Eq [f (1)) - Z Lo Jr L{W }‘ k)|
2 f(k
<——Zm {yvf a®)] ’!Vu;(l )!} (39)
(k)2
L (ng LACHTI VfLH) (40)
i€y ! i€ld]\lx ’
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where [y, := Vif(zF)| > Lot Next, we introduce the set of indices K as
=

K { N1 ViR > S viﬂx’fﬂ}

€l i€[d]\ I}

and consider two possible situations.
The case of k € K. ‘ In this case, we continue our derivation as follows:

B ()] - 1) < -7 3 1Vaf ) ()

i€l

Using the convexity assumption and notation Fj, == f(z*) — f*, we derive

] e
|-~

R
=R [ IVif@)P+ Y IVif @ <R 2 [Vif(@*)2 < V2R Y |Vif (2"
i€y, ’ie[d}\fk i€l i€l
that implies
Fy,
Vif ()| > : 42
SV (42)
1€l
Plugging (42)) in (4I]), we obtain
1
E; [F <|l—————| Fx. 43
(< (1- =) (13)
The case of k ¢ K. ‘ In this case, we continue (0] as follows:
1
Eif[f(@)] = f@*) < — == D IVif @) (44)
4dLg
i€[d]\ I
Using the convexity assumption and notation F}, := f(2*) — f*, we derive
A |
—_———
R
=R [Y_IVif @)+ Y IVif @) <R (2 ) |Vif(ah)?
i€l i€[d]\ I i€[d]\ I
that implies
e s FF
Z IVif(a®)]" > SRE (45)
1€l
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Plugging (45)) in ([@4]), we obtain
1 2

S -y 4
8dLoR2 " * (46)

Eiy [Fi1] < F,

To get the final bound, let us specify the indices belonging to KC: let K = {kq, k2,...,k.} and

TI: [N— 1] \]C = {tl,tg,...,tN_r}, where 0 < kl < kg <...< kr < N —1and 0 < tl < t2 <

... <ty_r < N—1. Note that CNT =@, KUT = [N —1], and |K| = r is random variable. There

exist two possible situations: either r > N/2 or r < N/2. If > N/2, then we use (@3] together with
Fy11 < Fy, following from (38)):

1

- m) EiEIC\{kr} [Fkr]

@3 @3)
Eic[FN] < Eiek[Fr+1) < (1
E3) 1 @) 1 2

1-— 44\/§dL1R EiEIC\{kr}[Fkrf1+1] S 1-— 74\/§dL1R EiEK\{kT-,krfl}[Fkr,l]

1 TR 1 N/zF 47
< <1 — < (1 — Tironol,
= —< 4\/§dL1R> 0 = < 4\/§dL1R> 07 {r>12) (47)

where E;cc denotes the expectation w.r.t. all indices in set K and 1,5~} is an indicator of the
event {r > N/2}.
Next, we consider the situation when r < N/2. In this case, we first notice that (6] gives

(@s) 1
Eier[Fiy_,+1] < Eierfin_ 3 [Fin_,] — R TINE Eier\{tn_} [Fix_,]

@ 1
S Eier(en_o} Fin_] — SIL B2 Eicr\(ty_r} [Fin_,)

where in @ we used Eier g1y 31 [Fin > < Biem\qen 31 [Fiy_,]. Dividing both sides by
Eier[Fiy_,+1] Eiem\ftn_, 3 [Fin_,] and rearranging the terms, we get

8dLoR? Eicr[Fiy_.4+1] ~ Eier[Fin_, 1]  Eiempn_ 3 Fin_,]

E; F;
1 e\ tw 3] _ 1 1 "

In view of (B8), we have Eier[Fiy_ 1] < Bier[Fuy ] = Bie\(ty_ 3 [Foy ] and — gy <

1 _ 1 U . . o . .
— = — . Using these inequalities in ([@8]), we obtain
EBiem\{tpn_ 3 [Fetn_p_1+1] Eier[Fry_,_1+1] & ! ’

1 1 1
< — .
8dLoR? ~ EieT[Fiy_,+1)  EieT[Fin_,_1+1]

Following the same arguments, we can also show

1 1 1
< - )
8dLOR2 B E’ieT[FtN—r—1+1:| EieT[FtN77‘f2+l]

1 1 1 1 1
< - < _
8dLoR? ~ Eicr[Fi+1) Eier[Fy] ~ Eier[Fr+1]  Fo

32



Summing up all of them, we arrive at

N —r < 1 _ i < 1
8dLoR? ~ Eicr[Fiy_,+1] Fo = Eier[Fiy_, +1]

implying

8dLoR? rsgﬂ 16d Ly R?

Eier[FN] < Eier[Fiy_,41] < N_, = Tl{rglv/z}- (49)

Combining (47) and (49) and taking the full expectation, we get

1 N/2 16d Lo R*
E[Fy] < <1 — m) FoE[Lgsnyay] + N E[L{r<nys)]

N/2 2
< max <1—¥> me ;
42dL1 R N

which concludes the proof.

D.2 Proof of Theorem [4.3

Algorithm Bl presented in Section [], uses the Golden Ratio Method (GRM) once per iteration. This
method utilizes the oracle concept ([l (see Algorithm [@]).

Algorithm 6 Golden Ratio Method (GRM)

1: Input: interval [a,b], accuracy é
2: Initialization: define constant p = % = @
33 y+a+(1—-p)(b—a)

4: z4<a+ p(b—a)

5: while b —a > € do

6: if ¢(y,z) = —1 then

7 b« z

8: 24y

9: y—a+(1—p)b—a)
10: else

11: a<vy

12: Yz

13: Z<—a—|—p(b—a)

14: end if
15: end while
16: Return: aTer

We utilize the Golden Ratio Method to find a solution to the following one-dimensional problem
(see line 2 in Algorithm [G):

() = argmin f(z* + Ceip)-
CeR
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Using the well-known fact about the golden ratio method that GRM is required to do N =
@) (log %) (where € is the accuracy of the solution to the linear search problem in terms of the
function value; due to (), it is sufficient to take € = 2¢/L,), we derive the following corollaries from
the solution of this problem: for simplicity, we consider the scenario when the golden ratio method
solves the inner problem exactly (e ~ 0). Then, we have the following:

flze + Creiy,) < fzr +Ceiy), V¢ eR. (50)

Using the above inequality with ¢ = 7V, f (zF), mp = and applying Assump-

tion [L.3l we get

1
Lo+L1|Vi f(z®)]”
FEM) = f(a*) = @ + Geiy) — f(2")

f@® — Vi f(a)ei,) — f(2h)

—% (vikf(;n’f))Q. (51)

NB InB

The rest of the proof is identical to the proof given in Appendix [D.I]l and leads to the same bound:

N/2 2
Blf V) - f* < ma {(1 i) Eb—aﬁ——}.

The above upper bound implies that to achieve E[f(2™)] — f* < &, OrderRCD needs to perform

dLoR? F
N=0O <max{ 2 ,dL1Rlog g}) iterations and

LoR? F 1
T=0 <max { d ZR ,dLiRlog ?0} -log —) Order Oracle calls,
€
where € is the accuracy of the solution of the auxiliary optimization problem (see line 2 in Algo-
rithm [B]), and it has to be sufficiently small.
E Missing Proof for GD in the Strongly Convex Setup

From the analysis of the convex case, we have

B k) 2 -
L e L N T P LT

) HVf(a:k)Hz. (52)

Next, let us consider two cases: HVf(a:k)H > é_(; and HVf(xk)H < %)
The case of ||V f(z*)|| > %) In this case, we have Lo + L1 ||V f(z*)|| < 2Ly ||V f(2*)||. Using

this inequality in (52)), we obtain

V£ M)
Fatth) = @) < - = (53)

To continue the derivation, we also consider two possible situations depending on Fj, = f(z*) — f*.
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i)

ii)

If Fy, > 1, then we proceed as in the convex case and get

(@) 1
F < ([1- F}.. 4
i< (1= g ) B 69
In view of (B2]) and Lemmam we have Fj11 < F, and |V f(zFD)| < [[Vf(z¥)]|. Therefore,
if Fi, > 1 and HVf(a;k)H , then F; > 1 and HVf H LO forallt =0,1,...,k. Let T;
be the largest k € [N — 1] such that Fy > 1 and ||V f(a")| > L—(l’ (if there is no such k for
given initialization, then 7; :== —1). Then, we have
F (E<ZD 1 ! 7—1+1F 55
Ti+1 = - AL R 0- (55)

Using the above inequality, we can upper bound 77 as

’Tl § 4L1R10g(F0)

If Fi, < 1, we use Polyak-Lojasiewicz (Polyak, [1963; Lojasiewic, 11963) inequality

[vs@h| = 20 (56)
" ou(R2, (57)

which follows from strong convexity Nesterov (2018). Then, we can continue the derivation
as follows:

E3)
b 5 0|
ED)
< (1 _ */ﬁ >Fk (58)
2v2L4
Moreover, since (B4]) holds whenever HV f(z H , we can tighten the above inequality as
el
Fri1 < (1-—max , Fy. 59
o < {le ) B (59)
In view of Lemmam we have ||V f(z*)| < |Vf(a®)||. Therefore, if ||V f(a¥)| > f—‘;,
then HVf H LO for all t = 0,1,...,k. Let T3 be the largest k € [N — 1] such that
HV flx H —1 (if there is no such k for given initialization, then 73 := —1). Then, we have
T2—Th
et
F <(1- —_— F
©5) VA 1 })7’2—7’1 < 1 >7’1+1
< (1—max{ —Y——, —— 1-— Fp. 60
= ( {2\/§L1 AL\R AL\R 0 (60)
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The case of ||V f(z¥)|| < ﬁ—?. In this case, we have Lo + L1||Vf(z*)|| < 2Lg. Using this in-

equality in (52]), we obtain

9] V()|
Foy < F— H J;(;O)H
E8) L

Since Algorithm [ converges monotonically in terms of the gradient norm (see Appendix [Bl), the
above inequality holds for k = T2+ 1,72 +2..., N — 1 iterations and gives

p \VT
Fv<(1--L- F
N_< 2L0> Ta+1

@D N-=T2 1 T2—T 1 Ti+1
< (1- | —max] VL 1— Fo.
2L0 2\/§L1 411 R 411 R

This concludes the proof.

F Motivation Strong Growth Conditions on the Example of Lo-
gistic Regression

We know from Section [6] that the strong growth condition for smoothness (see Assumption [[.2] when
Ly = 0) is satisfied by the logistic regression problem, which is often used in the machine learning
community. However, this problem does not reach a minimum (hence R = arginf f(z) = 400).
Therefore, in this section we show that, for example, gradient descent (Algorithm [I) will achieve
the desired accuracy ¢ in a finite number of iterations with linear rate.

We introduce the hyperparameter of the algorithm s : f(s) — f* < e. Then we show linear
convergence to the desired accuracy by the example of gradient descent.

Using the strong growth condition for smoothness (see Assumption [[L2] with Ly = 0) we have:

FE) = f@*) = fa¥ — eV f(F) — F(2h)

2 (01,919 + ot 2T N g o
2 ostenff + % foseeof
- oset]
1 NI
= s 196
_ _2%1 [vreh)|. (62)
where in @ we used 7 < m.
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Then using the convexity assumption of the function (see Assumption L4 © = 0), we have the
following:

f(a*) = f(s) < (Vf(ab),a" —s)

= oste HHﬂc—sH
<[]l =l

-
Hence we have:

va H f(@F) = f(s)

. 63
R (63)
Then substituting (63]) into (62) we obtain:

F@H) = 1) < - 5 V)| < -5 () - 1)

This inequality is equivalent to the trailing inequality:

1 1
Ha) = 1 < (1= g ) U6 = 1)+ g U - 1) (69)
Applying recursion to (64]) we obtain:

F@N) - < (1 - )N () — £+ (F(5) - 1.
- 211 R,

Therefore, we have shown that Algorithm [I will achieve the desired accuracy ¢ in a finite

number of iterations: N = O (Lle log %) R, is a finite number and increases as the desired
accuracy improves. The same can be shown for other algorithms
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