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B pabore npejaraercs 0b6o/i0uKa, HA3BaAHHAST «yCKOPEHHBIN METAAJITOPUTM», KO-
TOpas I03BOJIIET €JIMHO0OPA3HO MOJIyYaTh YCKOPEHHBIE METOJIbI PEIeHHs 3a/atd
BBIITYKJIOH O€3YC/IOBHON MUHIUMU3AIINU B PA3JIUIHBIX ITOCTAHOBKAX Ha 0a3e HEeyCKO-
PEHHBIX BapUaHTOB. B Ka4dgecTBe HpI/IﬂO}KeHI/Iﬁ IIPUBOALATCA KBA3UOIITUMaJIbHBIE aJI-
TOPUTMBI JjIsI MUHUMU3AIMUHE TJIaAKuX GYHKIUA ¢ JINImumeBbIMUI TPOU3BOIHBIMK
[IPOM3BOJILHOTO MOPSJIKA, & TAKKe JJIsi PElIeHus TJIAJKIX MUHUMAKCHBIX 3a/ad.
[Ipeioxkennasi 0601049Ka ABJIsIeTCsS OoJiee O0INelt, YeM CYIIECTBYIOIINE, & TaKKe
[IO3BOJISIET TIOJIYYIATD JIYUIINNAE OIMEHKU CKOPOCTU CXOJMMOCTU U MPAKTUYIECKYIO -

(1)€KTI/IBHOCTI:> JJId pAla ITIOCTaHOBOK 3a/a4.



KuroueBbie ciioBa: BBINYKJ/asd ONTHUMU3AINSA, TPOKCUMAJIBHBINA YCKOPEHHbIIM

METOJ, TEH30PHBbIE METOJbI, HETOYHBII OPAaKyJl, CJIAUINHT, KATAJIUCT

1 Bsenenue

B mocnemanne 15 jeT B 4MCAEHHBIX METOJAX TJIAJKON BBITYKJIONH ONTHUMU-
3ally TPEo0JIaIaloT, TaK HasblBaeMble, YCKOpeHHble MeTojIbl. [Ipoobpaszom Ta-
KX METOJIOB sBJIsieTcs MeTo, Tsxkesoro mapuka B.T. [lonsgka m MoMeHTHBII
merost FO.E. Hecreposa [1, 2|. Okazajiock, 4To Jijisi MHOTUX 3aJiad [JIAJKOLl
BBIITYKJ/IOf ONTHMU3AINN ONTUMAJBHBIE METOJbI (C TOYKU 3DEHUs IHUC/Ia BbI-
qucienHnii rpajinenTa (PYHKIWN; B 00IIEeM CJIydae, CTapiiuxX MPOM3BOIHBIX) MO-
ryT OBbITH HalljIeHbl cpe/it yCKOpeHHbIX MeTos0B [1, 2, 3|. [losiBriock orpomuoe
YUCI0 paboT, B KOTOPBIX MPEJIaraloTcs pa3indHble BAPUAHTHI YCKOPEHHBIX Me-
TOJIOB JIJIT PA3HBIX KJIACCOB 3a1at, CM., HAllpuMep, 0030p Jjureparypsl B (1, 3].
Kaxkaprit pas mporeypa YCKOpeHus MpUHUMaJia CBOIO MPUUIYIJINBYIO (hOpMY.
EcrecTBeHHO, BOBHUKIIO YKeJIaHIE KaK-TO YHUPHUIIUPOBATH Bce 3T10. B 2015 rojy
9T0 OBLIO CJEIAHO JJIs THPOKOTO Kjacca (paHI0MU3HPOBAHHBIX) TDa/IEHT-
HBIX METOJIOB C IOMOIIBIO ITPOKCUMAaJIbHONW YCKOPEHHOI 000JIOUKHN, HAa3BaHHOI
Karasmer! [4]. C 2013 rosia jantble pe3yibTaThbl CTAIH AKTUBHO T€PEHOCHTh-
Csl Ha TeH30pHbIE MeTOJIbl (KCIOJIB3YIOIINe cTapiie mpousBouabie) [5, 6, 7, 8.

B camoe rnocijeagnee BpemMdd IIPEAIIpUHUMAIOTCA IIOIILITKU yHI/I(bI/IKaLLI/H/I IIpo1e-

135ech n mastee B KauecTBe Ha3BaHMIl MOIXOI0B / AJITOPUMTOB WHOTAA OY/IyT MCIOIL30BATHCS AHTIIHITA3-
MbI. J[es10 B TOM, 9TO JOCJIOBHBIHN EPEBOJI, MCXOTHO AHTJIMIICKUX BBIPAyKEHUN Ha PYCCKHIT SI3bIK MOXKET TOJTHKO
3allyThIBATh JIEJI0.

OTMmeTnM TakzKe, 4TO IOJ «IIPOKCUMAJIBHON 0DOJIOUKOII» 3/1eCh U Jlajiee UMeeTCsl B BUJLY IIPOCTO IIPOKCHU-
MaJjIbHBII agaroput™. CI0BO «0DOIOUKaY MOIPA3yMEBAET, 9TO B MIPOKCUMAIHLHOM AJITOPUTME HA KaXKIOW nTe-
pAIMU UMEETCs CBOsl BHYTPEHHsIsl (BCIIOMOIaTe/IbHAs) 33/[a9a OITUMHU3AIMN, KOTOPYIO, KAK IPABUJIO, HEJIb3sI
pemuTh anaguTudecku. Ee HyKHO pemarh ducjaeHHo. [losToMy BHEITHUIT MTPOKCHUMAJIBHBIN METOJ, MOXKHO

IIOHUMAaThb KaK <<O60.H‘IKy>> JJId MEeTOLa, UCIIOJIB3YIOIErocs JIjid PEIICHN g BHyTpeHHefI 3aa4v9u.



JIYP YCKODEHUsT JIJIs CEJJIOBBIX 3aJad 1 33J1ad CO CTPYKTYPOR (KOMITO3UTHDBIX
sagad) |9, 10, 11, 12]. Bo Bcex aTux HanpapjeHUsIX, MO-IIPEKHEMY, HCIOJIb-
30BaJIOCH 3HAUNTETHLHOE pa3HOOOpa3ne YCKOPEHHBIX ITPOKCUMAILHBIX 000/10U€eK
[1, 4, 5,6, 7,8, 10, 11, 13, 14, 15, 16]. Meros u3 manuoii paboThl® GyaeT Bo
MHOTOM 0a3npoBaThes Ha cxeme n3 [14].

B nannOoi paboTre MoKa3bIBAETCs, YTO JJOCTATOUYHO U3YIUTH BCETO OJIHY YCKO-
PEHHYIO MTPOKCUMATbHYIO 000JI0UKY, KOTOPas MO3BOJISET MOIyJdaTh BCe N3BECT-
HblEe HAM YCKOPEHHbIE METO/IbI JIjIsI 3a/1a4 IVIaJIKOI BBIITYKJI0i O€3YC/I0BHOII OI1-
Tumu3anuu. [Ipudem B psje ciydaeB TPeJJIOKEHHbIN YCKOPEHHBII MeTaasro-
PUTM TI03BOJISIET YOUPaTh JIorapudMITIecKie 3a30Pbl B OIEHKaX CJIOXKHOCTH (110

CPABHEHUIO C HIZKHIMU OIEHKAMH ), IMEBIIHE MECTO B IIPEJIBLIYIIIX MO/IX0/IaX.

2 (OcHoBHBIE pPe3yJabTaThl

Pacemorpum ceyroryio 3ajiady (2, — pelienne 3a/1adn)

min{F (z) := f (z) + g ()}, (1)

z€R4
rjie f 1 g BBIIYKJIbIe PYHKIUN.
Bessie B nasbreiitmem nof || - || 6y/em mornMaTh 0OBIMHY O €BKINIOBY HOPMY
B 1pocrpancTse R?,

6kf(a:) Bt

2SNy, L Rl
) ’
1 cee d

DFf(x)[n)F = >

. . d .
’Ll,...,leOZ Zj:l ’Lj:k

2Crporo ToBops, 3T0 jazke He MeToj (a/IropuTM™), a cKopee 060/04Ka (B CMBIC/IE ONpe/IeIeHHOM BhITe). B
JIAHHOH cTaThe ObII0 BHIOPAHO HA3BAHWE «YCKOPEHHBIH MeTaaaropuTMs. [lepBoe CJIOBO MOSICHSIET TENIb pas3-
pabaTbiBaeMoil 060I0UKH — YCKOPEHNE METOJA, UCHOJIB3YIONIErocsi B KauecTse 6a30BOro (peInaroniero BHyT-
PEHHIOIO 3a/1aqy). OHako, B OTJIMYHE OT CTAHIAPTHOI (yCKopeHHofI) 000JTOYKH, B TIPEIJIOXKEHHON B JTAHHOMN
craTbe 000JIOUKE BCE YKe B PsIJIe BAXKHBIX CJIyYaeB BCIIOMOTaTeIbHAS 331298 PEMIAeTC AHAJIUTIHIECKH U, CTAJIO
OBIThH, TOBOPUTH 00 3TOI 000/I04UKe, KAK «0D0JIOUKE», a He KaK 00 OOBIMTHOM aJITOPUTME, HE COBCEM KOPPEKTHO.

HOSTOMy OBLIIO PEIIECHO HCIIOJIB30BaTh bosee HefITpaJIbHOQ B 93TOM CMBICJIE€ CJIOBO — «MeE€TaaJITOPUTM».
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ID"f ()] = e | D" f ()[R -

Bynem canrars, uro f umeer Jlummmmiess! mpoussojHble mopsaaka p (p € N):

[1D"f(x) = D f(y)ll < Lpy

[z =yl (2)

3nech n gasee (M., manpumep, (7)) MO¥KHO cunTaTh, uTo o,y € R npumae-
JKAT eBKJINJIOBY IApY C IEHTPOM B TouKe T, n pajmycoM O(||zg — x.||), tae xg
— TouKa crapta [6].

Beejem anmpokcumannio psgoMm Teitiopa dyHknnm f:

L D* @) ly — )ty € R

(frm) = fla)+ D o

e
I =
_

Bamernm, uro u3 (2) caemyer [17]

) Ly p+1
[f(y) = (f 259)] < m\ly—xll : (3)

JlokazarenbcTBO ciemytonieil TeopeMbl cM. B [Ipwnoxkenun 1. JIutepatyp-

HbI{i 0030p cM. B mpenpunTe [11].

Teopema 1. ITycmov yp — 6vixod Anzopumma 1 YM(x,f,q,p,H k) nocae k
umepayut npup > 1w H > (p+ 1)L, 5. Tozda

c,HRPT!
T (5)

Fye) = Fla) < =

3p+1

2de c, =2"Yp+1)"2 /p!, R=|zy — 2.

Bosee mozo, npu p > 2 daa docmusicenun mownocmu €: F(yr) — F(x,) < e
na Kaoicdot umepayuu YM ecnomozamenvryio sadawy (4) npudemca nepepe-

wusams oaa nodoopa napvl (Agi1, Yrs1) we bosee vem O (111 (5*1)) pas.

3aMeTnM, ITO MPUBEICHHAS BBIIIE TeopeMa Oy/IeT CIIPaBe/[INBa, U TIPH YCJI0-
Bun H > 2L, (nesasucumo or p € N). Dro BeiBOsHTCH 13 (3). Yesaosue
H > (p+ 1)L, 6bl10 HCIOJIB30BAHO, IIOCKOJIBKY OHO TapaHTHPYeT BbIIYK-

J0CcTh BeromoratesnbHoli mopzagaan (4) [17]. Ilpu stom yenosun u g = 0 st
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Algorithm 1 Vckopennsiit Meraaaropurm (YM) (YM(xo, f,g,p,H,K))

. Input: peN, f: R R, g:R{ = R, H > 0.
2: Aozo,y():.’l?o.
3 for k=0tok=K —1

4: Ompenemuts mapy Agy1 > 0 1 ypy1 € RY w3 yenosuit

_ & |lp—1
Loy Ao =2l p
2 p! p+1

rjie

Joss = argmin {ﬁ’%y) — (i y) + gly) + ly - mnp“} "

H
yeRd (p + 1)'

Akt + \/)\%H + 4Np 1A

A1 = 5 , Ay = A + a1
- Ak Q41
k=7 Yk + A Tk
k+1 k+1

5 Tyt 1= T — Gt V. (Yrr1) — @t VI(Yrr1)-

6. end for

7. return yg

p = 1,2, 3 cymectBytor 3 HEKTUBHbBIE CIIOCOOBI PEITIEHNST BCIIOMOTATeIbHOMN 3a-
naqan (4) [17]. Qs p = 1 cymectByer siBHas dbopmyta [yist pernenust (4), mis
p = 2,3 cioKHOCTD (4) Takast ke (¢ TOYHOCTBIO JIO JOTapuMIIECKOro M0 &
MHOXKUTEJIST), KaK y ureparun meroja Herorona [17].

Bazkro oTMeTuTh, UTO BCHOMOTATENBHYIO 3ajady (4) He 00s3aTebHO pe-

MAaTh TOYHO: jocTaTouHO [11, 18] HAfTH TOUKY ki1, YAOBICTBOPSIONLYIO

1

< po I VEG) (6)

HVﬁk(ﬂkH) ‘

Takast MoudUKaIsT TPUBEIET JIUIIH K MOSBJICHII0 MHOXKUTE/ s 12 /5 B ipaBoit
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qacTi ().
Bynem rogoputs, uto dynkins F gBisgeTcs r-paBHOMEPHO BBITYKJIOM

(p+1>r>2)c koucrauroit o, > 0, ecjiu
o .
F(y) ZF(x)+<VF(x),y—x>+7Hy—xH . z,y € R (7)

B srom ciyuae, ncnosnssyst [19)

T
r—1
Y

F(fip) — Fla,) < : (i>1 IV E(§rt1)

r oy

MOYKHO 3aBsi3aTh Kpurepuii (6) Ha yKeJaeMyto TOTHOCTHIO (10 (DYHKIN) periie-
HUST UCXOHOM 3asaqu € [11]: HVQk(QkH)H =0 ((er_lar)i)

Bosee roro, mist p = 1 npuBefeHHbIE 3/1€Ch BLIKJIAIKE MOXKHO YTOYHUTD,
IOJYEPKHYB, TEM CAMBIM, UTO CJIO’KHOCTH PElIeHUs BCIIOMOraTeIbLHO 3a1aun

MOKeT Jlazke He 3aBucerb oT €. OxaspiBaercs (cu. [16]), 1o yemosue

H
19011 = Y|l < 77573 11%8 = vl (8)
- 3H + 2L +

rJie Yy, — TouHoe pemenue 3a1a4n (4), a L — koncranra Jlunmmia rpaaenta
Vg, B TeOpeTHYECKOM ILJIaHe TApAHTUPYET TO Ke, 4To 1 ycjosue (6) mpu p = 1.
A umenno, Teopema 1 ocranercst BepHoil ¢ jgobaBjieHneM B mpaByio 9acthb (5)
muozkuTess 12/5.

OTrMeTnM, 9TO OIeHKA CKOPOCTH CXOIUMOCTH (5) ¢ TOYHOCTBIO JI0 9HCJIOBOTO
MHOYKUTEJISI €, He MOXKeT ObITb YJIydIleHa JJIs K/Iacca BBIIYKJIBIX 3a1ad (1) ¢
Jlummunesoit p-it Tpon3BOIHON W JIId IMIMPOKOr0 KJIacca TEH30PHLIX METOJI0B
nopsijika p, ornmcanuoMm B [17]. Tlpu gomo/HETEIHHOM [IPE/IITOIOKEHNN PABHO-
MEpPHOIl BBITYKJIOCTH F' onTUMAaJIbHBIN METO/ MOYKHO ITOCTPOUTHL Ha 6aze YM ¢

IOMOIIIBIO IIPOIIELYypPhl pectapTos [11] — em. Asropurm 2.

Teopema 2. [Tycmov yi. — 6vixod Aszopumma 2 nocae k umepavyud. Toz2da ecau

H>((p+1)L,;, or >0, mo obwee wucao eviucaeruti (4) das docmuorcenun
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Algorithm 2 Pecraprosanusiit YM(xg, f,q.p,r,0.,H,K)

1. Input: r-paBromepro BbinyKias dyuxuns F = f + ¢ : RY — R ¢ kon-
cranrtoit o, u YM(xo, f,9,0,H,K).

2 Z) = Tg.

3 for k=0to K

R, =Ry -27%,

Hor Tt
N, = max { {(TCP—RQH’“) w , 1} . 9)
Oy

Zk+1 = me rue yNk — BBIXO/L yM(Zkaf7gap7H7N/€)'

>

ot

6. end for

7. return zg

F(yr) — F(x.) < € bydem:

- H Rpt+1-r ﬁ
NO((R_) )
Oy

ede O() — osnauaem mo oice camoe, wmo O() ¢ Mmouwnocmvio do MHOUCUMENA

In (5*1).

Bee uto 6bLI0 ckazaHo 1ocsie TeopeMbl 1 MOYXKHO OTMETUTH U B JIAHHOM

cJiydae.

3 llpunoxxkenus

3.1 yCKOpeHHbIe MeEeTO/1bl KOMIIO3UTHOM OoIlITNMMU3alINN

Ec/mi #e iyMaTh 0 CJI02KHOCTH pelieHst moj3aaaqu (4), HarnpuMep, CInTaTh,
9TO ¢ KaKas-To mpocTasi QyHKIMsA u (4) perraercs 1o ssBHBIM hopMmysiaM (Kak,

Harpumep, st 3agaqu LASSO), To YM onmcsiBaeT K1ace yCKOPEHHBIX METO/IOB

7



(1, 2, 3, ... mopsijika) KoMosuTHoi onruMusarn |1, 2, 6]. Tlpu srom dyHKims
g He obsizana ObITH IUiajiKoil. B obmeMm ciydae B crpouke b AsiropurMma 1 1o
Vg(yrs1) cleyer noHuMarTh Takoii cyorpajgueHT (byHKIUNL § B TOYKE Yki1, C
KOTOPBIM CyOrpajineHT mpasoii gactu (4) paseH (06Jin30K) K HYyJIH0 (HEMHOTO
[ePEeIncaB MeTOJl, OT MOCJIeJHEr0 OTPAHNIEHUsT MOXKHO OTKa3aThCst). OTMeTHM,
9TO 1pu p = 1 HEOOXOUMOCTH B IOMCKE MapaMeTpa iy UCUE3aET, ITO JeTaeT

MEeTOJ 3aMeTHO IIPOIIIE.

3.2 YcKopeHHBbIEe IpOKCUMAaJbHBIE MeToabl. KaTajuct

Eciu, caurare p =1, a f =0, H > 0 To NMoJyInTCcsA YCKOPEHHBIN MTPOKCHU-
MAJIBHBIN MeTo 1. OTImanTesbHas 0COOEHHOCTH TAKOro MeTosia (cM. Takzke [16])
OT JIPYTUX M3BECTHBIX YCKOPEHHBIX ITPOKCUMAJBHBIX METOJIOB 3aK/I0YAeTCs B
TOM, 9TO He TpedyeTcsi OYeHb TOYHO peliaTh BCIIOMOraTeIbHY0 3a/1ady. Kpure-
puit (8) u cuibHas (2-paBHOMEpHAs1) BBIITYKJIOCTH BCIIOMOTATEIBHOI 10138, 18-
un (4) yKasblBAIOT HA TO, YTO CJOXKHOCTDH PeIieHus (8) MOKET He 3aBUCETH OT
JKeJIaeMoii TOYHOCTH pelleHnsi NCX0/(HOM 3ataun €. Takum oOpa3oM, He TepsieT-
cd JiorapuMUYecKnit MHOYKUTEb TP MCIIOJIb30BAHUN TaKOil IMPOKCUMaJIbHOI
000JIOUKH J1JIsI YCKOPEHUsT PA3IMIHBIX HEYCKOPEeHHBbIX mporeayp. CodcTBeHHO,
ocJIe/IHee HallpaB/ieHne o1y 1o HasBanne Karamucr [4]. To nacrosiero mo-
MmenTa ujest (Karanner) ucnosb3oBanns yCKOPEHHO MTPOKCUMATBLHON 060/101-
KU J1J71s ‘00epThIBaHUsl’ HEYCKOPEHHBIX METO/0B, PENIAIONINX BCIIOMOTATETHLHYIO
sajiady (4) Ha Kaxkjoil mwrepaiuu (Ipu JI0JKHOM BbIOOpe Tapamerpa H), siB-
Jisllach HaunboJiee obIeil ujeeit pazpaboTKN YCKOPEHHBIX METOJIOB Il Pa3HbIX
3ajgad. Mbr mosrydaem Kartaamer mpocto Kak dacThbril caydait Y M. [Tpumemepnr

HCTO/Ib30Banus KarammeT Oy iy T mpuBeieHbl B I1. 3.4.



3.3 Paznesienue opakyJbHbIX CJIOXKHOCTEM

Ecnn cantars, 4to jyust g umeem L, , < oo (cM. (2)) n Ha BCromorateiib-

Hy10 3ajady (4) cMOTpeThb Kak Ha PaBHOMEPHO BBIMYKJIYIO JIOCTATOTHO IVIAJI-
— - s (p+1) Ly, s s~ q|ptl

kyio sagady (¢ f = g, g(x) == Q (f, Tp; 2) + et llo — 2™ ), 1o aa

periernst (4), B CBOIO 04Yepejib, MOKHO MCIOJIb30BaTh PecraproBanubiii YM ¢

H~ (p+1)L,,. B ciyuae, xorna Ly, < L, , yjlaeTcs HOJIyINTb TaKne OlEHKN

ciaoxkuaocrn [11, 3] (em. Teopemy 1):

2
~ L, fRPT1Y 3pF1
Ny=0 (%) — YUCJIO BBI3OBOB OpaKyJsia st GyHKIun f

9

2
~ 41\ 397
N, =0 (<M> 3”“) — 9ICJI0 BBI3OBOB OpaKyJia Jjd (PYHKINN §.

Bri30B opakyJ/ia mojpasyMeBaeT BbIYUC/IEHHE (CTapIinX) MPOM3BOAHBIX JIO M0-
psiIKa p BKJIIOUUTE/IBHO. TaknM 0Opa3oM, YNC/I0 BHI30BOB OpaKyJia, JJIsl KayK 10
u3 GyHKIun f, g sIBISETCsl KBA3UOITUMAJBHBIM, T.€. ONTHMAJIbLHBIM C TOYHO-
CTBIO JIO JIOTapUPMUIECKOTO (0T YKeTaeMOoil TOUHOCTH 10 (DYHKITIN) MHOXKUTE-
Jist. AHAJIOTHYHBIE ONEHKE MOYKHO TIOJIYIUTh U B T-PDABHOMEPHO (77 > 2) BBIIYK-
JIOM cJaydae, cM. 1. 3.4.

Bamernm, 4To npu p = 1 BHYTpeHHIOI 3ajady (4) He 00si3aTeIbHO pelarh
PecraproBanubim ¥YM. MoxkHO HCIO/IB30BATH (YCKOPEHHBIE) MOKOMIIOHEHTHBIE
1 6e3rpaJIneHTHbIe MeTOIbI, MeToIbl peaykinu auctepcun [1, 3, 20]. [Tpudem
YCKOPEHNEe MOYKHO IIOJIYUUTh 13 0230BbIX HEYCKOPEHHBIX BAPHAHTOB STUX METO-
108 ¢ omorieio YM (em. 1. 3.2). Tlo cpaBHeHIIO ¢ 000I0IKOI, HCTIOIB30BAHHOI
B [10], YM jaer oneHKy CJI0KHOCTH Ha JJOrapupMUIecKnil MHOKUTE b JIydIIie.
OTO cJIejlyeT U3 TEOPEeTHIECKOIro aHa/n3a W ObLIO MOJATBEPXKICHO B SKCIIEPU-

MeHTax [21].



3.4 YcKopeHHBbIe MeTO/Ibl AJis CeJJIOBBIX 3a1ad4

Cremysi, narpumep |9, 12|, paccMOTpUM BBITYKJIO-BOTHYTYIO CEJIJIOBYIO 3a-
Jlaqy

min {F(z) == f(z) + max{G(z,y) — h(y)} }, (10)

rERd yERdy

~

9(x)=G(z,y*(x))—h(y*(x))

rie y*(x) = argmax,cge, {G(7,y) — h(y)}. Bynem cuurars, uro Vf, VG, Vh
ABJIAIOTCs, cOOTBeTCTBeHHO, Ly, Lg, Ly-JInnmunesnivu. Takzke Oyjiem cantars,
aro f(x) + G(x,y) — ABAAETCS [1,-CUIBHO (2-paBHOMEPHO) BBINYKJIOl 110 X, a
G(x,y) — h(y) — py~cunbno (2-pasromepno) Boruyroii 1o y. Toraa F(z) Oymer
[L-CHIIBHO BBINYKJIOH, a Vg Oyner L, = (LG + ZL%/My)—HHHLHMLLeBbIM 9, 12].

Ecu caurars, aro pocrynen Vg, To BHerHO0 33/0a49y (10) MOKHO perarh
YCKOPEHHBIM cjiafiimarom (Hampumep, B Bapuante YM ¢ p = 1, em. m. 3.3) 3a
0, (W) Borancaeuuit Vf n 0, (W) BBIUMC/IeHNH Vg.

Yrobour npubimkento noctntarh Vg(xr) = V,G(z,y*(x)) namo penmts (c
JOCTATOYHON TOYHOCTBIO) BCIOMOTaTeIbHYy0 331a9y B (10), T.e. HAfiTH ¢ HYXK-
HOM TOYHOCTBIO ¥* (). DTO, B CBOIO 0OUEpE/ib, TAKZKE MOKHO CJIEIATH C TIOMOIIIBIO
craityara (YM ¢ p = 1) 3a O <\/m) seranciennii VA u O (\/W)
Borauciaennit V,G.

PestoMupyst Harmmcanuoe, moJtydaeM, 9To UCXoaHyo 3aady (10) MoKHO pe-
s 38 O (\/Lf/ux) Borancaennii Vf, O (w/ g/,ux) ~ O (\/Lé/(,ux,uy))
soranciennii V,G, O (, /L?é/(,ux,uy)> oranciennit V,G, O (\/LhL /( ,ux,uy)>

Boraucaenuii Vh. [lomenss mops oK B34THs Min 1 max aHaJOrnIHbIM 00pa3oM

MOZKHO HIPHATH K oreHKaM O (\/Lh / ,uy> Boranciennii Vh, O ( L%/ (,ux,uy)>
orauciennit V, G, O < L%/(,u%uﬁ) Boranciennit V,G, O <\/LfL /( uajuy)>

Boruncaenuit V f.
Ornenkn oty 9ennble Ha 9ucyio Beraucaennit V,G u V f B ocsieineM caydae

He SBJISTIOTCST onTuMabHbIME [12]. YT0o0bI yIydmuTh JaHHbIe ONeHKN (CIemaTh
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UX ONTUMAJIbHBIMEI ¢ TOUHOCTBIO JI0 JiorapudMUueckx MHoxKuTe el [12]) Boc-
nosib3yemcs Karamcrom, em. . 3.2 (VM, cp =1, H > pu,, f =0, 9= F, re
F onpenensiercst (10)). Ecin napamerp meroga H, To qucyio urepaluii MeToja
oyuer O <\/m), cM. TeopeMmy 2. Ha Karkmoit nrepannum He0OXOAUMO Oy1eT
perarTh ¢ JO/LKHOI TodHOCTBIO 331ady Bujia (10), B kotopoit Ly := Ly + H,
Wy = i+ H >~ H. Takum obpaszom, s pelieHust BHyTpeHHel ce1oBoil 3a,1a-

air morpebyercs O (\/Lh / ,uy> sranciaennii Vh, O < L%/(H ,uy)> BBIYHCIIE-
it V,G, O ( L?é/(H2,LLy)> soranciennii V,G, O <\/(Lf + H)Lé/(Hz,uy))

sorunciaenuit V f. Cunrasa jis narngaanocrn Ly > Lg Boidepem H = L. Torja
HTOTOBbIE ONEHKHU Ha YNCJIO BHIYHCIEHUN COOTBETCTBYIONINX I'PA/IEHTOB Oy T
Takme: O <\/Lth/(,um,uy)> sorancienuii Vi, O ( Lé/(,ux,uy)> BBIUUC/ICHUIT
v,G, O ( Lé/(,ux,uy)> srancienii V,G, O <\/Lng/(,ux,uy)) BBIUNCJIEHIT
Vf.

3a cuer ucno/b3oBanud Y M IpuBeeHHast BLIIEe CXeMa Y/IyUIIaeT HOXOXKYIO
cxeMy paccyzkjiennii u3 [12] na jorapudmudeckuii (o kejgaeMoii TOTHOCTH pe-
IeHNsT 3aJ1a91) MHOKUTEJIb, 1 000011aeT ee Ha CIydail OTJMIHBIX OT TOXK/[e-
cTBeHHOTO HY/Id DyHKIMt f u h.

[IpuBeenHast 3/1eCh cxeMa, pacCy KIeHNI HALJISIHO IeEMOHCTPUPYET, KaK U3
OJIHOI YHUBEPCAJBHON CXEMbl YCKOPEHUsST YIAaeTCsl MOJyIuTh (‘coOparh Kak B
KOHCTPYKTOpE') ONTUMAJIBHBIN METOJ ¢ TOYHOCTHIO JI0 JIorapudMuIeckoro (1o
KejlaeMoit TouHocTn MHoxkuTead (nipu f = 0 u h = 0 — TOJBKO IPU ITUX

YCJIOBUSIX M3BECTHBI HIZKHUE OneHKH [12]).
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3.5 CpaBnaenue c aaropurmoMm Mouteiipo—CBaiiTepa

Cremyst [22], paccMOTPUM CJIEYOILYTO 38181y ONTHMU3AIIII:

p

. 1
nelﬁ%gl{F(:c) ;= log E exp ((Ax, x)) +§HG$||§ 2
T k—1 ———

:}(fx) =g(z)

e n = 500, p = 20000, A — paspekeHHasT p X N MATPHUIA ¢ KOIPPUITHEHTOM
paspexkearoctn 0.001 (o1 K03(hDMUIMEHTOM PA3PEKEHHOCTH B JIAHHOM CJTy-
Jae MOHUMAETCsI OTHOIICHUE YHC/Ia HEHYJIEBBIX 9JIEMEHTOB MATPHUILI K 00IIeMy
GUCITYy e JIEMEHTOB), UbH HEHYJIEBbIe 9JIEMEHThI €CTh HE3aBUCHMBIE OJIMHAKO-
BO pacIpe/iesieHHble CaydaiiHble BeJIMYNHBI U3 PaBHOMEPHOTO PaCIpe/leIeHUs

U(—1,1), a marpuna G2 nojydaercs U3 CIeAyIONEro BhlPayKeHus:

n
2 § : ~T ~
G* = )\Z'GZ- €,

=1

e Y i A =1 [&]; ~ U(1,2) st Kaskoit napt i, j.

31ech f uMeeT JIMIIIUIEB IPAJUEHT ¢ KOHCTAHTOI JInmmuia

Ly = max AW},

e 3a A% obosnaucH k-it crosber MaTpuist A.

Ha npumepe JaHHOI 33/1a9l CPaBHUM DPadOTy YCKOPDEHHBIX METOJIOB, IIO-
JIydeHHBIX ¢ HoMolpbio ajgroputMa Monteiipo-Csaiitepa [7] (L = 20Ly) u ¢
nomotipilo YM (H = Ly) 1pn HCHOIB30BAHUN [Isl PEIIEHUs] BCIOMOIaTe b
HOM 3aJ1adi MOKOMIIOHEHTHOTO IpajuentHoro Meroga Hecreposa (ITI'M) (23]
(B =1/2).

Ha puc. 1 nMOKOMIIOHEHTHBIN MeTOJl, YCKOPEHHBIN C MOMOIIBIO AJrOPUTMa
Mounteiipo-CpaiiTepa, cpaBHHBaETCsI ¢ METOJIOM, YCKOPEHHbIM 000J104UKoii Y M
C Pa3IMYHBIM YHCJIOM UTepPAINil MeTO/a /IS PEIIeHIH BCIOMOraTesIbHON 3a/1a-

qn (KBHyTp = k cooTBeTcTBYET km WTEpaIusiM ITOKOMIIOHEHTHOIO METOJIA), 1
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obicTpbiM TpajmerTHbIM MeTooM (BI'M). IlpencraBien Tpexmephbiii rpaduk
sapucnmvoctn Besmaunibl (F(xy) — F(2*))/(F(xo) — F(2*)) (B log macrtabe,
F(z*) Boibupaercst paBHbIM 3HadMeHnIo F' B TOUKe, ostydennoii mocse 25000 ure-
panuiit BI'M) or uncia Beraucsienuit kommonenT rpajanentos V f; u Vg;, a Takzxke
ero JIByXMepHbIe TpoeKInu. Tak KaK HEKOTOpPbIe METO/Ibl TPEOYIOT BBIUMCICHU
noJsiHoro 3HadeHust rpajuenta (V f win Vg), obpalenns: K opakyjaM, B TAKOM
cJIy4dae, YIUTBIBAIOTCA C BECOM b / to = 2.5, rue t1 — cpeqHee BpeMs BLIUNCTIE-
HUS TIOJIHOTO T'PaJINENTa, to — CpejiHee BpeMsl BHIYUCEHIA OHON KOMITOHEHTDI.
Kak M0xKHO BujieTh n3 rpaduKoB, 9UCJI0 oOpalleHnil K opakyay V f; ycKopeH-
HOT'O € TIOMOTILIO 060/109KN Y M MeToj1a MeHbIIe, 4eM y OBICTPOro I'PaIneHTHOIO
MeToga. Kpome Toro, obosouka Y M 1o3BoIsseT 3HAUUTEIHHO COKPATHTD YNCJIO

obpailteHuit K opakysy Vg; 1o cpauennio ¢ ajaropurmom Monteitpo—CaaiiTepa.

0 ] o ] !
10 10 —-— Anroputm MoHTeiipo—CsaiiTepa, Kguyrp = 50

Lot —-—- YCKOpeHHbIi MeTaanroputM, Kauyrp = 8
B |

_1 ] .
10 | —— YcKopeHHbI MeTaanroputMm, Kgyymp =3

10—2 4
1072 4
\ 1073 4
10734 Jab-.
1074 4

104 4

10-5 4

(F(xk) = F(x™)) / (F(xo) = F(x ")) (log MacwTab)

logao [(F(xi) = F(x ™)) / (F(xo) — F(x N1
(F(xi) = F(x")) / (F(xo) = F(x")) (log MacwTa6)

1076 4

0 100 200 300 400 500 600 0 500 1000 1500 2000
Yucno Bbluucnennin Vf; Yucno sbliuncneHuni Vg;

Puc. 1: I'paduk zaBucumocru Beqawannsl (F(xy) — F(z*))/(F(x9) — F(z*))

(B log maciiTabe) or Umcsia BeIYUCIEHUHT KOMIOHEHT TpajuneHtoB V f; u V.

JIByxXMepHbIe TTPOEKITIH

Ha puc. 2 cpaBHuBaercsi paboTa METOJIOB B 3aBUCUMOCTH OT BpeMeHU pabo-
Thl W YHCJIa UTepalldii BHYTPEeHHEro MeToja. Kak MOXKHO BUJIETh U3 rpaduka
2a, YCKOPEHHBIII ¢ TOMOIIbI0 000109k Y M MeTos cXo/uTcst 110 BpEeMEHU pa-
60TBI ¢ OOJIBINEH CKOPOCTBIO, YeM METO/I, YCKOPEHHBII C ITOMOIIBIO aJrOpUTMa

Momntreiipo—CaaiiTepa, a Takzke ¢ 00JbIIeil CKOPOCTHIO, YeM OBICTPBIN I'paJil-
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€HTHDLIN MEeTO/I.

-— Anroputm MoHTeipo—CsaiiTepa, Kpuyrp = 50 —— Anroputm MoHTeiipo—CsanTepa, Kguyrp = 50

101 ——- YCKOpPEHHbIt MeTaanropnTM, Kgymp =8 10-1 4 \ —= YCKOpeHHbIit MeTaanropnt™, Kg.yrp =8

| —— YcKopeHHbIt MeTaanroputM, Keyymp = 3
1021 i 11

|
| —— YcKopeHHbIi MeTaanropuT™, Keyyrp = 3
T nrm

\ --- BIM

107 4
1073 4 1073 4

10744 1074 4

107> A 10-5 4

1076 4 1076 4

1077 4 10-7 4

T T T T T T
0 200 400 600 800 1000
Yucno ntepaunin, N

0.0 2.5 5.0 75 100 125 150 17.5 20.0
Bpems paboTbl, T (C)

(F(xx) = F(x™)) ] (F(x0) = F(x ™)) (log macwuTab)
(F(xx) = F(x ™)) / (F(xo) = F(x*)) (log macluTab)

Puc. 2: I'pacduxn 3aBucumoctu Bennanubl (F(zy) — F(x*))/(F(xg) — F(z*))

(B log maciTabe) or BpeMeHn paboThl U YUCJIa UTEPAIMH BHYTPEHHETO METOJIA

4 Bos3MmoxKHble 00001IIeHnA

[IpuBosnMBIE BbIIIE KOHCTPYKIINU CYIIECTBEHHBIM 00pa30M 6a3npyoTest Ha
TOM, 9TO PACCMATPHUBAIOTCSA 3181 OE3YCIOBHOMN ONTHMI3AINI 1 HCIIOIb3YeTCs
eBKJIMI0Ba HopMa. Ha Janibiii MOMEHT OTKPBITBIM OCTAETCsT BOIIPOC O TIEPeHece-
HIH TIPHBEJICHHBIX B CTATHE PE3YJIBTATOB HA 381491 OE3YCJIOBHOM ONTHMI3AIINI
C 3aMeHOii eBKJINIIOBOIT HOPMBI Ha iuBepremnuio Bparmana |1, 5]. Tem 6osee ot-
KPBITBIM OCTAETCsA BOIPOC 00 MCHOJIB30BAHUN JIPYTHX (6osiee 06IIHX) Mojeseit
B [IOCTPOEHII MayKOpaTHBI 1eeBoil dyukmnu (3) [1].

B pabore [24] 6bL10 MOMMETEHO (B TOM 9YHCIE U B MOJEIBHONH OOITHOCTH),
qTO JIJIS TOJIYIeHUsT ONTUMAJbHBIX BEPCHI YCKOPEHHBIX AJITOPUTMOB [[JIsT 38,184
CTOXACTHYECKON ONTUMU3AINE HyKHO yMETh OINECHUBATH KaK HAKAILIHBACTCH
MaJIBIil TIIyM B TpajiieHTe B TAKUX MeToJax. Takum oOpasoM CTPOSTCs YCKO-
PEHHbIE CTOXaCTHYECKIe IPajINeHTHbIE METO/Ibl Ha 6a3e YCKOPEHHBbIX He CTOXa-
CTHYECKUX (JIeTepMUHNPOBAHHBIX ) I KOHCTPYKITHHN, HA3BAHHON MIHUOATIMHIOM

(3amMeHa TpajineHTa B JIETEPMUHIPOBAHHOM METO/IE €0 OIEHKOIl, TIOCTPOEHOI Ha
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0aze CTOXaCTHYECKUX I'pajineHToB). HackosbKo HAM H3BECTHO, JIJIST TEH30PHBIX
METOJ/I0B BOITPOC TIOCTPOEHUs YCKOPEHHBIX METOJIOB JIJIs 3a/ia4 CTOXaCTUIEeCKOil
ONITUMU3AINN OCTAETCS OTKPBITHIM. B 4acTHOCTH, He M3BECTEH OTBET Ha TaKO
BOITPOC: BEPHO JIA, UTO JIJIsd 3a/1a9 CUIBHO BBIMTYKJION CTOXaCTUIECKON ONTUMU-
3al TPeOOBAHUSA K TOYHOCTH AITPOKCUMAIINN CTAPIINX TPOU3BOHBIX C TIO-
MOIIIO MUHNOATYMHTA CHIZKAIOTCS TI0 MePe POCTa TMOPsIIKa MPOM3BOIHBIX, KaK
9TO MMEET MECTO B HEBBIYKJIOM ciydae [25]7 [l oTBera Ha 9TOT BOIPOC [jIst
TEH30PHBIX METOJIOB TaK:Ke KaK U JJI IPAJMEHTHBIX P = 1 MOYKeT MPUTO/IUTh-
¢ aHaAJIN3 YyBCTBUTEILHOCTH UCCIEYEMBIX METO/IOB K HETOUHOCTH B BBITHUCTE-
HUN TPOM3BO/IHBIX. HEKOTOPBIiT 3a/1e/1 B 9TOM HallpaB/IeHUN yzKe nmeetcst [26].
B wactnoctu, ipu p = 1 YM jeMoHCTpUpPYyeT CTaHJIaPTHOE I YCKOPEHHBIX
METOJIOB HAaKOILJIEHHEe HETOUHOCTell B rpajmente [24].

M3 ctaTtbm MOXKET MOKa3aThCsl, UTO JJIsi O€3YCJIOBHBIX JIOCTATOTHO TJIAJIKIX
3a/1a9 BBITYKJI0M ONTUMU3AINN TTPEJIjIaraeMblil B CTAThe MOIXO0JT J1aeT BO3MOK-
HOCTb BCET/Ia CTPOUTH <«ONTUMaJbHbIEey MeTOjbl. Ha camMom jiesie 3TO He co-
BceM Tak. Bo-TIepBbIX, TOCTPOEHNE ONMTUMAJIHLHBIX METOJIOB JlarKe Ha Da3e 0JIHOTO
TOJIbKO Y M MOKeT ObITH COBCEM He TIPOCTOIl 3a/1avueil, KaK IMoKa3bIBaeT IIpUMep
u3 1. 3.4. Bo-BTOpBIX, ONOBOPKA «C TOYHOCTBIO JI0 JIOTaPUPMITIECKUX MHOZKI-
TeJieily BechbMa CyIIecTBEeHHA. B 9acTHOCTH, JIO CUX TIOP OCTAETCsA OTKPBITHIM
BOITPOC O TOM, YCTPAHUM JIN JIOTAPUMDMUAIECKUT MYy TBTUILIMKATHBHBIH 3230D (110
JKeJTaeMOil TOTHOCTH PEIIeHNsT 3391 0 (DYHKIINI) MEXK/Iy HUXKHIUMHU OI[eHKA-
MU U TeM, 9TO jaeT YM u jpyrue ycKOpeHHbIe T€H30pHBIE METOJbI (p > 2),
cM. Teopemy 1. B-TpeTbux, ynoMssHyTble HUYKHUE OINEHKN ObLIN TOJTYIeHbI JIJIst
K1acca KpbLtoBCKIX METOJI0B (/I TEH30PHBIX METOJIOB 4yTh xutpee [17]), o-
HAKO Tpe/iytaraeMast o0osiouka Y M B HEKOTOPBIX BapuaHTax ee UCIOJIb30BaHusl,
B TOM dncjie B npokcumasibiom Bapuante (Karasiucer), cm. 1. 3.2, BBIBOJUT 13

KJIacCCa JOIIYCTUMbIX METOJ0B, AJId KOTOPOI'O OBLIN I[10JIY4€HbIC HU>KHNE OLICHKHU.
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[Ipunoocenue 1

B sTOM mpmIIoKeHn pecTaBIeHo JoKa3aTeb5eTBo Teopembl 1, ocHoBaH-
HOE Ha JIOKA3aTeJIbCTBE W3 cTarThbu [14], ¢ yueroMm mobaBieHns KOMIIO3UTHOI

dbyuxiun. Crenyiomnias Teopema 6asupyercs na Teopeme 2.1 u3 [14]

Teopema 3. Ilycmv (yp)i=1 — 2mo nocaedosamenvrocmy movex 6 RY, u
(Ak)k>1 — 9mo nocaedosamesvrnocmsv 6 Ry, Onpedeaum (ay)p>1 marot, wmo

MNAL = a% u A, = Zle a;. Jas aobozo k > 0 onpedesum x, = x5 —

S ai (V) + 9 () u g = Z’::l T+ A‘iilyk. Taxoice npeonosoAHcUM, Mo

ecau das wexomopoeo o € [0, 1]

lYrs1 — Tk — et ViIF ()| < 0 lywer — 2| (11)

mozda daa moboeo v € R sepnvt nepasencmea:
2
2|

(Zhvn)

IA

F(yr) — F(z)

k
A' B ¥ 2
Z_ZHyZ _331'—1H2 < H H

- >\z 1—0'2.
=1

s nokasaTesbeTBa 9TON TeopeMbl Mbl BBeJIeM JOINOJHUTE/IbHbIE JIeMMBI,
ocHOBaHHbIe Ha jeMMax 2.2-2.5 u 3.1 u3 [14], semmsr 2.6 u 3.3 MOryT HCIOb-

30BaThbCd 0€3 U3MEHCHUIA.

Jlemma 1. [Tycmo ¢y(z) = 3||z — z0||?, u no undykyuu onpedeaum Yi(x) =
Vi1 (@) + e (F,ye, @), moeda z = x9 — Y1y ail(Vf(y:) + g'(yi)) — amo

munumuzamop dynxyun Yi, u sepro Y(z) < ApF () + 5|z — xol|?, 2de Ay =
Zfﬂ -
Jlemma 2. I[Tycmov 2z, maxaa, wmo

Ur(zg) — AgF(z5) > 0.
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Tozda dan ar0b020 T,

= ol

Jloxasameavcmeo. N3 Jlemmbr 1) MOKHO IOy IUTD, 9TO

AVF(21) < (o) < ) < AR () + 5o — o]

]
Jlemma 3. Jlas n06020 x 6epro caedyrouiee HepaserHcmeo
Vrr1(z) = Apr F(yrr1) — (Wn(an) — AnF'(21)
ag Ak 1
> A (V) + o) (5250 = ) + e = P
A1 Arn 2
Ioxasamenavcmeo. Bo-11epBbIX, TPOCTHIMI BBIYUC/IEHUSIMI IOy INM
1 2
V(@) = di(on) + Slle — @l
n
1
Ui (x) = Yi(xr) + 5z — 2l + a0 (f, yrsas @)
2
TaKUM 00Pa3soM
1
V() — Yr(xr) = apa1 0 (F ypr1, @) + §H35 — ) (12)

Terepnb mbl xoruM, 910661 Aj 41 F(241) — ApF'(z;) ObLI0 HIDKHEl OTIEHKOT HEpa-
BerctBa (12), korga BerauciseMm © = Ty 1. Ucnomssys Qi (F, yri1, 2) < f(2k),

MBI II0JIYyY9a€M:

180 (F Yp1, ©) = A1 (F g1, @) — A (F, Ypsa, @)
= A1 (Fyren,2) — AeVE (yre1) - (2 — 21) — A (F Yeg, 2x)
= Apy1fh (R Yrt+1, T — A (z — Zk)) — A0 (F yperrs 2x)
Ap1 F(yp1) — ApF (2x)

a A
+ Api1(Vf(yrs1) + g/(ykJrl)) : <AIZ+11I + Akk1Zk — yk+1> )
+ +
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qTO 3aBeplIiacT JO0Ka3aTeJILCTBO. []

2
a ~
Jlemma 4. Obosnavum Apyq = Al:rll U Ty = Zi-_ixk + Af:ilyk, U NOAYHUM:

Vrp1(Trs1) — Aper F(Yrr1) — (W) — AnF (yi))

A ~ ~
> 2>:L11 <||yk+1 — ZUkH2 - Hyk+1 - (:Ek - AkH(vf(y’““)) + g'(yk+1))H2) .
+

A npumerus donoanumenvro nepasencmeo (11), nosyvaem

9 k

A;
Zy”yi — i

i=1 "

1l—0

V() — AF (yr) >

Joxazameavcmeo. Vconbzyem JlemMmy 3 Iput 2, = Y U T = Ty W MOJYIUM,

. a A .
aro (npn = g w + )

, k41 Ay _
(Vf(yk—H) +g (yk—f—l)) (Ak-ﬂx + Ak+1yk yk—i—l) + 251

A (N Ay, )
xr — Yk | — Tk

Af+41 Ak+1

o (ClkJrlxk_'_ Ay, yk>
Ay, Apia

|z — ]|

2

= (Vf(yrs1) + 9 (Wrs1)) - (T = yps1) +

2

= (Vf(Wrr1) + 9 (Wrs1) - (T = Yrg1) +

Otkyza cienyer cjejyiiee HepaBeHCTBO:

Vpr1(Trs1) — Aper F (Y1) — (W) — AeF (yr))

. 1 .
> Appr-min < (VF(yrsr) + 6 (Yes1)) - (@ — Y1) + (Al
x€R 2>\k—|—1
BHan/IeHI/Ie MI/IHI/IMyMa MO2KHO JIETO II1ocHUuTaTh. D

st mepBoro BbIparkeHusi Teopembl 3 JOCTATOYHO OOBLEJINHUTL JlemMmy 4 ¢
Jlemmoii 2 u Jlemmoii 2.5 u3 [14]. Bropoe Beipaxkenue B Teopeme 3 cieyer u3
Jlemmbl 4 u JlemMmaer 1.

Cuenyrolasi JeMMa, JJOKa3bIBAET, UTO MUHIUMU3AIMS psijia Titaopa mopsijika
p st (4) MOKeT ObITh MPEJCTABICHO, KAK HESIBHBIN TPaJIMeHTHbIH Tar s

HEKOTOPOI'0 OOJIBIIIOrO pa3Mepa Iara.
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Jlemma 5. Hepasencmeo (11) sepro npu o = 1/2 das (4), us amozo caedyem,

wmo:
1 Ly - ki — Ze P! p
— < M1 2 : 13
g = 7k (p—1)! “p+l (13)
,JOKCLSCI/ITL@JL’DCWGO. N3 ycJj1oBuA OIITUMaJIbHOCTH CJIEAYET, 9TO
Ly,-(p+1)

Vo fo(Yks1, Tr) + T(ykJrl — ) |y — TP+ ¢ (gpsr) = 0. (14)

Orkyna ciemyer

Yes1 — (T — Mt (Vf (1) + 9" (Wi41))) = X1 (VF (1) + 6 (Yes1))
Ly-(p+1) - |yppr — gl

(Vyfp(yk—i—la fk) + g,(yk+1)) .

Ucnonb3ys ps Taittopa g rpajuenTa (QyHKIUN TOTydaeM:

L
IVF(y) = Vyfoly, 2)|| < p—flly —z|”,

TaKUM 00Pa3oM

k1 — (@ — Mt (VF (Wrrr) + 9 (Wrs1) |l

L -
< Ak+1p—f)“yk+1 — TP

p!
Ly-(p+1) - |[yes1 — 2P~

< Wyk+1 — Zk|

_|_

Aky1 — NV Lo (rt1, Tk) + ' (Y1) ||

L -
| </\k+1p_f”yk+1 — TP + ‘)\’fﬂ

- n p+1
= |lyk+1 — Tl <—+‘n-——1‘>,
p p

ZER HRES TANY
p!

rjie Mbl Hcrosib3yeM (14) Bo BTOPOM HEPABEHCTBE, W MPEIIOIaraeM

—\ o Y 1 .
77 = Ak+1 (p—l)! B ITOCJIeIHEM paBeHCTBe. TOI'OBbIUN pGByJII)TaT HOJIy‘{a—

eM u3 mpejanosnoxkenns, ato 1/2 <n <p/(p+1) B (13). O

B zaksouennn, ecan Mpr 3amennM ||z*|| ma ||xg — z*|| B Jlemme 3.3 u nc-

nosibzyeM Jlemmy 3.4 u3 [14], To MBI osTy9gaem jokazareabeTtBo Teopembr 1.
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[Ipunoocenue 2

B namnoit ceknum Mol JlokazkeM Teopemy 2.

Joxazameavcmeo. Taxk kak GyHKIUS F' gBjIgeTcsd r-paBHOMEPHO BBITYKJIOIM,

TO MBbI ITIOJIyH9a€eM

: mi“)
1 T 3p+1
Ri1 = ||zp1 — ]| < <T(F(Zk+1) — F(x*))) r ) ( N, ?

1
B (rchpRZH) ( RV >r Ry,
= | 7 | T
o.N, ? 2"Ry, 2
Tenepsb BLIYUCIIM 0OIIEe YUIICJIO MIAr0B METOJIa, 1.
K K Y
repLy2" e P
ZNI{SZ(&RP+17'> K
k=0 k=0 Or

K _2
s L,2' T
<7°Cp RO2—/€)p+1—T) + K

k=0 Tr

p+1 K
re,Ly,2" RPFT = —a(pt1r)k
- S o R K.
k=0

S =

~—
IN<e

Or
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