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Abstract. Travel demand modeling is an essential tool in urban plan-
ning and transportation system management. Existing practically effi-
cient algorithms for solving multistage travel demand problems are varia-
tions of the heuristic sequential procedure. We propose a novel approach
that applies saddle-point methods to a combined convex optimization
formulation of the problem. Unlike all previous methods, our algorithm
does not require costly shortest-paths calculations, and can be seamlessly
scaled on GPUs. We show that in some cases it drastically outperforms
the sequential procedures.
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1 Introduction

In today’s rapidly evolving urban landscapes, understanding and forecasting
travel demand play pivotal roles in shaping efficient transportation systems and
sustainable urban planning. Essentially, the purpose of a travel demand model is
to predict the equilibrium traffic matrix and distribution of passenger and cargo
flows through the transportation network, based on the network’s characteristics.
This information enables authorities to forecast the impact of changes in the
transportation network, thus facilitating more informed decision-making.

The conventional four-stage approach [I7], [13]: trip generation (travel choice),
trip distribution (destination choice), modal split (travel mode choice), and traf-
fic assignment (route choice) stages, a widely used method in travel-demand
modeling, has long been the cornerstone of transportation planning and policy-
making. However this approach, despite its prevalence, has a number of limita-
tions, e.g. there is no convergence guarantee [12], [51], [7] due to tendency to
overlook consistent consideration of travel times and congestion effects across its
various stages [24], [45]. An alternative strategy to tackle this challenge involves
adopting a mathematical model formulated as an optimization problem that
can subsequently be solved via numerical optimization methods. Such models
are commonly referred to as combined or integrated models.
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1.1 Combined Models

For decades, there has been extensive research into models that combine various
stages. The pioneering work [6] introduced the first constrained convex optimiza-
tion formulation for the user-equilibrium assignment problem with elastic de-
mand. This formulation treated travelers between every origin-destination (OD)
pair as a function of the travel service for that specific OD pair. Building upon
this foundation, [2I] and [I9] expanded the convex optimization formulation
to include destination choice through a combined distribution and assignment
(CDA) model. In this model, trip distribution follows a gravity model with a
negative exponential deterrence function, while traffic assignment adheres to a
user-equilibrium model. To account for congestion effects at destinations, [50]
introduced variable destination costs into the CDA model.

Subsequent research extended the CDA model in various directions. [37], [9],
and [29] refined the CDA model to accommodate multiple user classes, while [20]
incorporated modal split within the CDA framework. [23] proposed an equiva-
lent optimization problem for combined multiclass distribution, assignment, and
modal split, eliminating symmetry restrictions. [60] put forth an optimization
model that combines distribution, hierarchical mode choice, and assignment net-
works with multiple user and mode classes. [2] developed a comprehensive com-
bined model by integrating all four steps of sequential demand forecasting based
on random utility theory. [5I] further extended this by simultaneously consider-
ing travel-destination-mode-route choice, utilizing the multinomial logit model
within a hierarchical structure where each traveler is perceived as a customer of
urban trips, with choices influenced by utility and budget constraints. Recent
study [34], employing the entropy/utility maximization framework, proposed
a convex programming approach equivalent to the hierarchical extended logit
model which leads for the simultaneous estimation of all travel levels, thereby
overcoming the input-output discrepancies in each level unlike traditional models
with “feedback” loops [53].

1.2 CDA Model Applications

Among the discussed combined models, the CDA model holds particular signif-
icance in numerous transportation applications. It aids transportation planners
in understanding the intricate interactions between land use and transportation,
informing future urban development and transportation system improvement
plans. For instance, researchers have utilized the CDA model within a bilevel
programming framework to address various land use and transportation con-
cerns. [62] applied the CDA model to analyze the capacity and level of service
of urban transportation networks, while [56] used it to determine the maximum
number of cars given road network capacity and available parking spaces. This
model has been utilized to estimate the capacity of urban transportation net-
works incorporating rapid transit [16] and to identify critical links within road
networks [18]. Besides, [I5] introduced network-based accessibility measures to
assess the vulnerability of degradable transportation networks, leveraging the
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CDA model. Additionally, [42] employed the CDA model in a land use-network
design problem to analyze integrated layouts of land uses, public facilities, trans-
port networks, and travel demands. [40] investigated equity issues associated with
land use development in terms of changes in equilibrium OD travel costs, while
[63] used the CDA model to optimize network reliability concerning residential
and employment allocations and network enhancements. Furthermore, [28] em-
bedded the CDA model of housing locations and traffic equilibrium to determine
optimal housing provision patterns in a continuum transportation system.

1.3 Solution Algorithms

When Beckmann et al. [6] initially proposed in 1956 the formulation of a model
of elastic demand and route choice, no solution algorithm was provided. Twenty
years later, Ph.D. student Suzanne Evans [19] introduced a partial linearization
method for CDA problem so that only the objective function was linearized, and
the OD choice functions was unchanged. While [2I] and [20] presented another
algorithm based on the Frank and Wolfe [22] method. However, according to [11]
and [39], Evans’ algorithm exhibits superior convergence characteristics.

Founded on two unproven conjectures, [30] introduced a modification to the
Evans’ algorithm aimed at reducing computational times and memory require-
ments. However, as highlighted by [31], Horowitz’s adapted algorithm doesn’t
consistently converge to the optimal solution. In response, |31 proposed further
refinements to Horowitz’s approach, providing rigorous proof of convergence.

On the other hand, [44] proposed a hybrid solution method, merging the
Evans’ algorithm with the disaggregate simplicial decomposition (DSD) method
developed by [38]. Expected to offer enhanced computational efficiency and
greater solution accuracy, this method operates within the path-flow domain.
However, combining the Evans’ algorithm with the second-order DSD algorithm
may lead to non-convergence.

More recently, [4], [5] extended the origin-based (OB) algorithm [3] for traffic
assignment for tackling the CDA model as a fixed-point problem. This algorithm
replaced the link-based assignment Evans’ algorithm with an origin-based pro-
cedure to update the solution of the assignment problem, which demonstrated
superior effectiveness in achieving highly accurate solutions. Notably, during the
implementation of the OB algorithm, it was observed that the determination of
step-size in the OD flow update step significantly impacts the algorithm’s perfor-
mance. To enhance the efficiency of the OB algorithm, [61] adopted the modified
line search strategy proposed by [37] for the Evans’ algorithm. In contrast, the
work of [35] instead of using OB algorithms for convergence speed up utilized
more prominent primal-dual methods [48] for traffic assignment sub-problem and
[26] for trip distribution.

All previously mentioned algorithms can be divided into two groups: link-
based (e.g., [22], [19], [35]) and origin-based (e.g., [4], [5]). Link-based algorithms
prioritize aggregate link flows over individual path flows, making them memory-
efficient and suitable for early computing environments. While they are easier
to parallelize and implement, they can be slow, especially when high precision is
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required, due to convergence challenges. Origin-based algorithms focus on path
flow vectors, offering faster convergence by retaining more information. Despite
their higher memory demand and coding complexity, they excel in precision-
critical scenarios by exploiting the vast number of paths in a network.

In this paper, we apply a convex optimization algorithm from [54] to solve the
CDA problem. This approach offers several advantages over existing methods:

— The algorithm does not require solving the costly shortest-paths subproblem

— A single algorithm is used to solve the entire CDA problem, simplifying
implementation and reducing the hustle of parameter tweaking

— The computation-heavy operations are element-wise function calculations
and matrix-vector multiplication, which allows to write high-performance
code in high-level programming languages like Python and seamlessly employ
GPU acceleration via modern powerful frameworks such as [I4].

The rest of the paper is organized as follows: Section 2 provides notation
and mathematical model background. The algorithm for the doubly constrained
CDA problem is presented in Section 3. Experiments are demonstrated in Section
4. Concluding remarks are discussed in Section 5.

2 Preliminaries

2.1 Notation

By 0max(A), 0. (A) we denote maximal and minimal positive singular values of
a linear operator A respectively. Amax(A), Amin(A) denote maximal and minimal
eigenvalues of a linear transformation A respectively. We use (x,y) := Zle TilY;
to define the inner product of z,y € RY. ||z|| := \/(z,z) is the Euclidean norm
of x € R%, and || X| := /(X,X) = \/Tr (XTX) is the Frobenius norm of X €
R™*" where Tr(X) denotes the trace of X. By Projy(zo) := argmin, ¢y ||z —
xol| we mean Euclidean projection of xg on a set X. 1l,,x, € R™*" 1, €
R™, 0,xn € R™*™ 0, € R™ stand for matrices and vectors of all ones and
zeros respectively. Indenity matrix is denoted by I,,. For X € R™*" we define
diag(X) € R™ to be the vector of diagonal elements of a matrix X; and if z € R,
then diag(z) € R™*"™ is defined to be the diagonal matrix, constructed from a
vector .

2.2 Traffic Assignment. Beckmann Model

The traffic assignment problem is to find the equilibrium flow and travel time for
each road given traffic matrix and traffic network. Following the outline of [35],
let the traffic network be represented by a directed graph G = (V, &), |V| = n,
|€] = m, where vertices V correspond to intersections or centroids [55] and
edges & correspond to roads. Suppose we are given the traffic matrix d of travel
demands: namely, let d;;(veh/h) be a trip rate from source i € V to destination
j € V. Here, to simplify the notation, we assume without loss of generality that
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all the vertices are sources and targets, and some of them can have zero travel
demand or supply. We denote by P;; the set of all simple paths from source ¢ € V
to target j € V, and P = J P;; the set of all paths between sources and
targets.

Agents traveling from node 7 to node j are distributed among paths from P;;,
i.e. for any p € P;; there is a flow z,, € R, along the path p, and ZpEPij xTp = djj.
Flows from origin nodes to destination nodes create the traffic in the entire
network G, which can be represented by an element of

X:X(d):{xem'f‘; 3 2, =di; i,jev}. (1)
PEP;;

i,jEV XV

Then, the flow on edge e
felz) = Z depxp fore € &,

pEP

where d¢p equals 1 if e € p and 0 otherwise.
The problem of finding equilibrium load of a transportation network, known
as traffic assignment problem, traditionally formulates [6] as

fe
U(x) = Z/ Te(2)dz = Zoe Z depp | — min_d” , (2)
ecel0 , e€E peP pezpij Tp=is
oe(fe) x>0

where 7.(f.) is a cost function, usually it is BPR function [58]|

rofe) =t (14 p(fe/F) "), 3)

where f, are travel times at zero flow, and f, are road capacities of a given
network’s link e.

Since the number of all possible paths between two nodes in a typical trans-
portation network is enormous, direct manipulations with vector of path flows
x is unapproachable. Therefore, numeric solvers for traffic assignment problem
typically use edge flows f. as variable or apply column generation techniques
[41]. These approaches rely on calculating shortest paths to make progress in
minimizing ¥ while maintaining feasible edge flows w.r.t. traffic matrix d.

However, it is also possible to write down the constraint imposed by traffic
matrix via Kirchhoff law. This formulation, which is commonly used for mul-
ticommodity flow problems [I], is our key technique to apply new saddle-point
methods for CDA. Let us fix source i € V and consider some node j € V. Define
f to be the matrix of edge flows f from given source to all targets: the element
fei of matrix f is the amount of flow originating at source ¢ and traversing (ori-
ented) edge e. Then, consider the flow originating from ¢ that settles down in j.

It writes as
Az’j = Z fei - Z fez'- (4)

Eegin(j) eeguut(j)
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If ¢ # j, this amount equals the flow running from i to j, i.e. A;; = d;;. If
1 = j, this amount is the sum of flows originating from ¢ with inverse sign, i.e.

Ay = — Zk;ﬁz’ dig.
Further, let N denotes the incidence matriz of G, i.e.

-1, k=1,
Nke = 17 k = j7 (5>
0, otherwise,

for each edge e € &£ with source ¢ € V and destination j € V. Note, that
(Nf)ﬂ = Ze Njefei = A” On the other hand, Aij = —(dlag(dln) — d)”

At last, the Kirchhoff law can be written as Af + Bd = 0, where A denotes
a linear operator A : R™*™ — R™*" guch that

Af=(NHT, (6)
and B denotes a linear operator such that
Bd = diag(dl,) — d. (7)

Bd is also known as a traffic Laplacian.
Our final formulation of the traffic assignment problem is

V=S, (z f) i ®
ec& 7 f>0

According to Theorem 4 from [49], problem has following dual problem

Q(t) = Z dijTij(t) — Za:(te) — Inax, (9)

t>t
ij€OD ecE -

where Tj;(t) = Tp,, (t) = minpep,; Tp(t) is the travel cost from source i to desti-
nation j and

* _ _ 7 te_fe M(te_fe)
sitt = st~ ot = (")

is the convex conjugate function of o.(f.), e € €.
Subsequently, we can employ the duality gap

A(f 1) =w(f) - Q1) (10)

to serve as a convergence measure for traffic assignment problem solvers. It is
invariably nonnegative and vanishes only at the solution (f*,t*). This quantity
is also known as simply gap in the traffic assignment literature [TOJ46//4].
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2.3 Trip Distribution. Entropy Model

Trip distribution problem is to find the traffic matrix if total input and out-
put flow is known for each vertex along with travel times between each pair of
vertices. Now, we derive the entropy-based single mode trip distribution model
of [59]. The basic assumption is that the probability of the distribution d;; is
proportional to the number of states of the system with particular distribution,
and which satisfy the constraints

j i
By defining h = (i}) we can rewrite Q (I, w) via an affine constraint as

Ql,w) = {dzo | Kd:h}, (12)

where linear operator K acts as

Kd(fﬁl). (13)
D= "li=)Y w (14)

is the total number of trips. The number of distinct arrangements of agents
W (d;;), which produce distribution d;;

Suppose

D! (D —dn1)! D!
Wi(d;;) = . R . 15
(diy) din(D —dyy)! - dio (D — dyy — dyo)! I dis! 15)
To find the most probable distribution of trips d;; we solve
log W (d;; , 16
ogW(dis) —  mmax (16)

sing Stirling’s approximation (i.e., log D! = Dlog D — D), the objective function
can be written as

log W (d;;) = log D! — ) "logdil ~log D! = ) " dijlogdi; + ) _dij.  (17)
ij ij ij
Taking into account that log D! and Zij d;; = D are constants, the problem can
be rewritten as

d;;logd;; — min 18
Z jlogd; — min (18)

It is also common to assume that larger travel time between two nodes cor-
responds to lower trip rate between them. Accounting for the travel time factor
we obtain

%: dij log dij - %: Ejdij — derél%{lw), (19)
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where v > 0 is a scalar parameter, and 7;; is the generalized cost of single
trip from ¢ € V to j € V, in the simplest case defined as the shortest path
travel time between ¢ and j. [59] justifies the addition of the travel time term by
interpreting it as the Lagrangian relaxation of the “budget constraint” Z Ti; =
T. Another argument for incorporating the budget constraint is to malntaln
correspondence with the well-known gravity model: entropy model and gravity
model are equivalent when the exponential gravity function is utilized.

Note, that to obtain Tj; one needs to solve the traffic assignment problem,
and the traffic assignment problem clearly requires the traffic matrix d as its pa-
rameter. This is the reason why CDA is usually solved in practice by sequentially
solving the two subproblems.

2.4 CDA

CDA is to find such pair (f,d), that d is the solution of entropy model sub-
problem, where travel times are calculated w.r.t. f, and f is the solution of
equilibrium traffic assignment subproblem with traffic matrix being d [8]. This
fixed point problem can also be formulated as a convex optimization problem.

Since trip distribution problem and dual traffic assignment problem (9)
share the only term d;;T;; which couples travel times ¢ and trip rates d, solution
of the problem

1
:;izjdijlogd” Zde”—i—Za ) — Itn>1£1 ,

eef deQ(l,w)

is the solution to both and @D By the Lagrangian duality we obtain that
problem

Z oe(fe) + Z dijInd;; — ritnn (20)
ij

st. Af + Bd =0, Kd = h,
£>0,d>0.

combines both trip distribution problem and (primal) traffic assignment
problem [25]. Problem is our final formulation of CDA.

3 Application of Saddle-Point Algorithms

Our formulation of CDA is an affine-constrained convex optimization prob-
lem with matrix variables of reasonable dimension (typically, n ~ 103, m ~ 10*-
10° in detailed transportation models of large cities). This formulation allows to
employ any black-box algorithm for convex optimization with affine constraints.
We propose to solve CDA via an optimal first-order algorithm for strongly con-
vex optimization under affine constraints [54], which we will call here OFAC for
short. This is an accelerated variant of Proximal Alternating Predictor-Corrector
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(PAPC) algorithm which employs Nesterov’s and Chebyshev’s acceleration mech-
anisms to achieve convergence rates which match lower bounds for this class of
problems. Nesterov’s acceleration is used to improve the dependency on the ob-
jective’s condition number, while Chebyshev’s acceleration allows to separate
gradient calculation and matrix multiplication complexities and improve the
dependency on the affine constraints’ condition number. Algorithm [1} and Algo-
rithm [2] provide listings of the OFAC algorithm and its Chebyshev’s acceleration

subroutine respectively.

Algorithm 1 OFAC

1: Input data: 2° € X, M, b € Im M, Projy, VF.

2: Parameters: \; > U?,,ax(M)7 A2 < ot Q(M), L > maxzex Amax (VQF(x)),

min

4 < mingex Amin (VZF(m))

3:Ti= 0/ k= 2 -:%70-:%

4: 9:? = wo, w® = 0x

5: for k=0,1,... do

6:  ap :1: b 4+ (1 — 1)z

7. 2Ft2 = Projy (1 +na)~" (8 — n(VF(zh) — axl +u*)))
8 rki—g (m’”% — Chebyshev(z"+%, M, b, A1, /\2))

9:  wktli=qyk 4ot

10: 2"t :=Projy (mk"'% —n(1+ na)_lr’“)

11 2kt =gk 4 2 (aF T - 2h)

12: end for

Algorithm 2 Chebyshev iteration

1: Input data: 2° € X, M,b € ImM

2: Parameters: \; > 02,,.(M), A2 < ULDQ(M).
3 N = Ni—ﬂ pi= (M= A2)?/16, v = (M1 + Aa)/2
4: 4= —p/2

5: p®i= —MT (M2 —b)/v

6: 2t =294 p°

7: fori=1,...,N—1do

8 Bli=p/yt

9 A= —(+pTh

10: pi = (MT(MZZ _ b) +ﬂi71pi71)/’yi

11: 2= +pi

12: end for

13: Output: 2V
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Clearly, we can apply OFAC to the problem by denoting x = (3;),

F(z) = P(f.d), X = {0 M = (OAm [B(> ond b— (0}7)

For actual implementation of OFAC we need to derive formulas for multipli-
cation by M " and specify the values of parameters Ai, Ag, L, 1. The formulas for
other scalar parameters in Algorithm [I] and the formula for N in Algorithm
are taken from Theorem 2 [54] and Section 6.3.1 [54] respectively. Note, that

the reference has a typo in the formula 7 = min {1, %, / %} 19/15 should be

19/11, as stated in Section 6.3.1, and because kK = L/u > 1, we get 7 = \/%'

Since Af = (Nf)T, and by the definition of adjoint operator AT it must
holds (y, Af) = (y, (Nf)") = (yN, fT) = ((yN) ", f) = (ATy, f), we obtain

ATy =(@yN)". (21)
Similarly, (y, Bd) = (y, diag(dl,) — d) = (diag(y)1, —y,d) = (B'y.d) and
BTy = diag(y)1,, — v.

Finally, denoting y = (y,' v,,)' we get (y, Kd) = (y,dl,) + (yu,d'1,) =
(i) d) + (ol dT) = (1) +1,y,,.d) = (KTy,d) and

KTy =yl] +1,y..

To choose the values of parameters Ay, A2 we need to estimate the maximal
and the minimal positive singular values of M.

Lemma 1. For K defined by mazimal and minimal positive singular values

are given by o2, (K) = 2n, artinz(K) =n.
Proof.
2 2
Omax(K) := max ||Kd|*. 22
(K) := max [|Kd| (22)

This is a convex optimization problem, and by Karush-Kuhn-Tucker’s theorem
[33], [36] d* is its solution iff (d*, \*) is a stationary point of the Lagrangian

L(d, ) = ||d1n]* + 1d" 1] + A (ld]f* - 1)
For (d*,\*) = (1,1,) /n, —2) we have

VaL(d*, \*) = 2(d*1,1) 4+ 1,1} d* + X\*d*) = 2(2d* + \*d*) = Opxen,
VAL(d*, N*) = ||d*||> =1 =0.

Thus (d*, \*) is a stationary point of £ and maximum in is attained at d*:

o2 (K) = |Kd*|? = ||d*1,]]> + |d* " 1,]? = 2n. (23)

max
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The minimal positive singular value is defined as

1K d]®
dekert K Hd||2

ot 2(K) =

min (24)
It is well known that for a real-valued matrix K the orthogonal complement to
its kernel is equal to the image of its transpose: ker™ K = Im K T. Thus, by

KK Ty|? K(yll + 1,02
o 2(1) = min IEETUIE o Il + L)
v KTyl v ] + Lyl

(25)

Define s, = 1,) 4, 81 = 1.} y;, then

11, 4+ 1ynl ny; + 1,s
Kpll 21 07) = Yily In nYywin | _ nSw
(iln + Lngn) (1nle1n + Ywly ln nYw + 1psi )

K (gL, + Loy)|I® = n®|lyll® + dnsws; + (s, + s7),
lyily + Loy 12 = lwidpy [I? + 2@l T, ye) + ([ Laye I = 0|yl + 28150,

Substituting this into the we obtain

nllyll? + 4sisw + (s, + s7)

+ 2
g_ . K)=n Z n,
and the inequality becomes equality e.g. when s,, = s; = 0. O

The flattened representation of Af + Bd can be obtained by multiplying
flattened representations of f and d by a block-diagonal matrix:

Nfor+ [(1n 0n...0,)" = I,] dia
Flatten(Af + Bd) =
Nfar+ [(0n ... 0,1,)T — I,] dre

where X,;, X;e are column vectors made from i-th column and row of X respec-
tively. Therefore

Toin(A B) = min o, (N [e] @1, = L]), (26)
Omax(A B) = DX Omax (N [e;r ®1, — In}) ,

what can be computed numerically via SVD.

To finish the derivation of Ai, Ao we will use the fact that for a vertical
M,

block matrix M = [ : [ it holds that oyax(M) < \/Zle 2. (M;). We can

M,
+. (M) to be of the same order as min;—;

min

also expect o
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Omax(M) < /4n2 + 02, (A B)} and o, (M) ~ min{n,o., (A B)}, where

ol (A B) and oyax(A B) can be computed via SVD using .

Unfortunately, we cannot a priori estimate strong convexity and Lipschitz
smoothness constants p and L since the objective P(f,d) is not Lispschitz
smooth nor strongly convex on its domain. Therefore, convergence properties
of a first-order method are defined by local convexity and smoothness properties
of the objective in a region around the solution. In this situation we resort to
some manual tweaking of the parameters L, u or a grid search.

4 Experiments

To evaluate the performance of OFAC we plot its convergence curve against
the most popular algorithm to date [53] — the sequential procedure, which is
realized by sequentially solving the trip distribution problem and the traffic
assignment problem in a loop. The sequential procedure requires an inertia-
like feedback mechanism for convergence [63/47]. For that, we average travel
times Tj; with their values from the previous iteration before feeding them into
the trip distribution subproblem .

The traffic assignment subproblem in the sequential procedure is solved by a
3-conjugate Frank-Wolf (3CFW) [32] algorithm, which is a variant of the conju-
gate Frank-Wolf algorithm [46], that showed the best performance on the given
network, comparing with other Frank-Wolf algorithm’s modifications. 3CFW is
terminated then the duality gap meets the threshold. We plot convergence
curves for various values of the threshold, see “Gap” values at the legend of Fig-
ure 1] The trip distribution subproblem is solved via Sinkhorn algorithm, which
converges to very high precision and its runtime is negligible comparing to that
of 3CFW.

The convergence plots are shown in Figure [T} We used a well-known [46/43/47]
Sioux-Falls transportation network [57] with n = 24 nodes and m = 76 edges. To
estimate the distance to the solution, OFAC was run with an increased runtime to
obtain an approximate solution which is several orders more accurate according
to the primal-dual optimality conditions. We choose the distance to the solution
as the metric because OFAC and Sinkhorn are primal-dual algorithms that violate
the constraints during the optimization process and satisfy them precisely only
asymptotically. Consequently, the function value at some iteration can be strictly
less than the optimal function value. In such cases, we believe that distance to
the solution is the most sensible and comprehensible metric to use.

From Figure [1| we see that OFAC converges much faster and does not suffer
from stucking on a limited precision determined by the method parameter values.
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Fig. 1. Comparison of OFAC and the sequential procedure on the Sioux-Falls [57]
network

Since we plot the convergence metric against the runtime, it is important to
discuss the implementation details. In both approaches, the Python language is
used to implement the high-level algorithm logic and data processing, while all
computationally expensive calculations are performed by efficient open-source li-
braries implemented in C/C++. A high-performance implementation (in C++)
of Dijkstra algorithm from the graph-tool library [52] is used for shortest path
finding in 3CFW, and all other operations with vectors and matrices are done via
the NumPy framework [27], whose backend is written in C. For large networks,
GPU acceleration of OFAC can be done by a drop-in replacement of NumPy
with the jax.numpy module [14]. Unfortunately, on larger networks, the OFAC
algorithm, designed for strongly convex functions, exhibits poor convergence due
to the high variation of edge flow density in the solution, which means very poor
conditioning of the objective function. Further research is required to design a
first order primal-dual algorithm with adaptivity and/or preconditioning prop-
erties to enhance the efficiency of our approach on large networks. The code is
available on GitHuhf]

5 Conclusion

We propose a new algorithmic approach for solving the combined transporta-
tion model, offering multiple implementation and computational advantages.

4 |https: //github.com/niquepolice/mmo_ tm /tree/sp-combined
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Promising convergence properties have been demonstrated through numerical
experiments on a real network. However, further research into the application of
adaptive preconditioning and the exploitation of other problem-specific features
is necessary for practical use and scalability to larger networks.
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